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Abstract

In this paper, given a composite integer n, we propose a method of constructing quaternary low
correlation zone(LCZ) sequences of period 2" — 1 from binary m-sequences of the same length. The
correlation distribution of these new quaternary LCZ sequences is derived.

|. Introduction

In a microcellular communication environment such
as wireless LAN where the cell size is very small,
transmission delay is relatively small and thus it
is possible to maintain the time delay in reverse
link within a few chip. In such a system as the
quasi-synchronous code-division multiple-access(QS-
CDMA) system proposed by Gaudenzi, Elia, and
Vilola[l], multiple chip time delay among different
users are allowed, which gives more flexibility in de-
signing the wireless communication system.

In the design of sequences for QS-CDMA system,
what matters most is to have low correlation zone
around orgin rather than to minimize maximum non-
ntrivial correlation value[5]. In fact, low correlation
zone(LCZ) sequences show better performance than
other well-known sequence sets with optimal correla-
tion property. Let S be a set of M sequences of period
N. If the magnitude of correlation function between
any two sequences in S takes the values less than or
equal to € within the range —L < 7 < L, of the offset
7, then § is called an (N, M, L, ¢) LCZ sequence set.

In this paper, given a composite integer n, we pro-
pose a method of constructing quaternary low correla-
tion zone(LCZ) sequences of period 2" —1 from binary
m-sequences of the same length. The correlation dis-
tribution of these new quaternary LCZ sequences is
derived.

Il. Preliminaries

In this section, we introduce some definitions and no-
tations.

Let Fy» be the finite field with 2" elements. The
trace function tr,(-) from Fan to Fom is defined by

o1 mi
tr? (z) = Yy @2, where z € Fon and m|n. It
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is well known that tr(a') is a binary m-sequence of
period 2™ — 1, where « is a primitive element in Fon.

In this paper, we only deal with binary and qua-
ternary sequences of period 2" — 1, which can be re-
garded as mappings from Fy» to F5 and to an integer
ring Z, = {0, 1,2, 3}, respectively. We use the nota-
tions H for the addition in Z4, only if we think it is
necessary.

Let F3. = F» \ {0} and s(z) be a mapping from
Fon to Fy or Z4. When we restrict the mapping s(x)
to Fy. and replace x by af, then we can obtain a
sequence s(at), 0 < t < 2" — 2, of period 2" — 1.
Hence, for convenience, we will use the expression ‘a
binary or quaternary sequence s(at) of period 2" — 1’
interchangeably with ‘a mapping s(x) from Fan to Fy
or Z,'.

For § € Fy., the crosscorrelation function between
two quaternary sequences s;(z) and s;(x) is defined

as
Ri,j((s): Z wZi(x‘S)—sj(x)

mEFz*n

where wy is a complex fourth root of unity.

It is not difficult to see that a quaternary sequences
can be decomposed into two constituent binary se-
quences. Let v; and vy be variables over Zs, i.e.,
Boolean variables. Then a variable v over Z, can be
expressed as

v = vy B 2vs. (1)

Let us use the notation v = (ve,v1) to alternatively
represent (1). Let ¢(-) and ¢(-) be the maps defined
by

o(v) = v1, P(v) = s

Using the expression (vg,v1), we can obtain the

truth tables for ¢(v—w) and ¥ (v—w) given in Table 1.

Let v(x), w(x), and d(z) be quaternary sequences
given as

v(z) = v1(x) B 2vs(x), w(z) = wi(z) B 2ws(z)



Table 1: Truth tables for ¢(v — w) and ¥(v — w).

¢(v—w) | w=(0,0) | (0,1) | (1,1) | (1,0)
v =(0,0) 0 1 1 0
(0,1) 1 0 0 1
(1,1) 1 0 0 1
(1,0) 0 1 1 0
(v —w) | w=(0,0) | (0,1) | (1,1) | (1,0)
v =(0,0) 0 1 0 1
(0,1) 0 0 1 1
(1,1) 1 1 0 0
(1,0) 1 0 1 0

and
d(z) =v(z) — w(z)

where z € Fy.. Using Karnaugh map and Table 1,
the mappings ¢ and v of the quaternary sequence d(z)
are given by

v (@) + w1 (z) (2)
vi(z)wi(z) + wi(z) + wa(z) + v2(z).(3)
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[I1. Construction of Quaternary LCZ Sequences

In this section, we construct a set of quaternary LCZ
sequence using an m-sequences as their constituent
sequences. The following lemma is useful in the com-
putation of correlation of these quaternary LCZ se-
quences.

Lemma 1 : Let s(x) be a function from Fy» to Zg,
where s(0) = 0. We define two Boolean constituent
functions of s(x) as

bs(z) = d(s(x)), vs(x) =1p(s(x))

and their modulo-2 sum as

¢s(x) + Ys(z).

Let Ny(c) denote the number of occurrences of f(x) =
c as x varies over Fyn. Then, we have

3wy = (N, (0)

x€Fon

NS(x) =

=N, (1) +5 (N, (1) = Ny, (1))

(4)

Proof : 1t is clear that

Z wz(z) — (NS(O) _ NS(Q)) —|—j(NS(1) — Ns(3))~ (5)

zE€Fon

Equation (4) can be easily obtained from the follow-
ings :

Nws(l) = N8(2) + NS(3 (6)
Ny, (0) = 2" =Ny, (1) = Ns(0) + Ns(1)  (7)
Nus(l) = Ns(l) + Ns(2)' (8)

U

From above lemma, it is clear that the function
s(z) is balanced if and only if ¢¥s(z) and us(z) are
balanced.

Let f(z) be a function from Fyn to Fp. We can
use f(z) as the constituent sequence of a quaternary
sequence ¢(x) as

q(z) = f(x) B2f(ax)

where a € Fan \ F5. We can derive the crosscorrelation
values between two quaternary sequences constructed
from an m-sequence.

Theorem 1 : Let m,(z) and my(x) be two quater-
nary sequences defined by the functions

me(x) = trf(z) B 2tr} (ax)

mp(z) = tr}(z) B2t} (bx)

where a,b € Fyn\ Fy. Then, their crosscorrelation val-
ues are given as

2" — 1, a=band § =1
_ b bt
—1+42nL a;«ébamdézaorﬁrl
Rop(d) = —1+j2n1, 6="1H
Son— __b
71 7]2 1, (5 = a7+1
-1, otherwise
where j = +/—1.
Proof : Let d(z) = mq(dx) — my(x). The crosscor-

relation function between two sequences m,(x) and
myp () is given by

Rop(®) = > wi®@=-1+ 3 wi®. (9

©EFS, 2EFan

From (2) and (3), we have

da(z) = ] (dz) + trf(z)
Yalz) = tr7(dx)tr}(z) + trf((da + 1 + b)x)
palw) = (62 (@) + 6T (0(a + 1) + b)),
Define
Slﬁd((s) = Nwd (O) - Nlﬁd(l) (10)
Sﬂd(é) = Nud (0) - N#d(l)‘ (11)



It is clear that the mapping ¥g4(x) is balanced if
and only if Sy, (d) = 0.

In order to derive R, (), we have to compute
Ny, (0), Ny, (1), and N, (1) from Sy, (6) and Sy, (9).

Case 1) a#b:
For § = 1, we have

Sya(1) = Sp, (1) = Z (—1)“1’(w)+tr1'((b+1+a)m).

xE€Fon

From the linearity and balance property of trf(z), we
have
Sy (1) = Sp,(1) = 0.

From Lemma 1, we have
Ra,b(l) =—1.

Next we consider the case of § € Fyn \ Fy. For a
Boolean function k(x) on Fan, we can define a trace
transform K (\) given by

Z (71)k(m)+tr?()\x).

x€Fon

It is obvious that Sy,(d) and S,,(d) in (10) and
(11) are the values of trace transform of the quadratic
Boolean function

KO\ =

k(z) = tr} (0x)tr} (z)

evaluated at A = da+ 1+ b and A = 6(a+ 1) + b,
respectively.

The rank of the quadratic Boolean function k(x)
gives its distribution of trace transform values (see
Theorem 6.2 of [2]). Now we have to examine the
bilinear form of k(x) to compute the rank of the
quadratic Boolean function k(z) [4]. The bilinear
form of k(z) is given by

Bi(z,y) = k() +k(y)+kz+y)
=t (x[te? (6y) + 6trf (y)]).

The number of y which satisfies By(z,y) = 0 for all «
is equal to that of the solutions to the equation

trf (0y) + otrf (y) = 0.

Since 0 € Fyn \ Fy, the number of solutions is equal
to the number of y € Fon satisfying

tr?(dy) =0 and trf(y) =0, (12)

which is obviously 2"~2 derived from the difference-
balance property of the trace function. Thus the rank
of the quadratic form is n — (n — 2) = 2.

It is not difficult to derive the values of A which
yield nonzero K (). For A =0,

Z (_1)tr17(6a:)tr717(w) — 2n—1
TEFon

K(0) =

because (tr}(6x),tr(x)) = (1,1) occurs 2"~ 2 times
as x varies over Fyn. In a similar way, we have

on—1 A=0,1,6
KN ={-2"1 AX=1+$¢ (13)
0, otherwise.

Since Sy (6) and S, () are K(\) evaluated at A =
da+1+band d(a + 1) + b, respectively, (13) can be
rewritten as

O, 5# bTTlvgaZiﬁa a_li_l
Spa(8) = q2nt, =t L by (14)
_Qn_l’ 0= ail
0, 0F i a e
Sua(0) = q2n7l d= 2ty Mgl (15)
—on-l 5=t
for § € Fy..

Finally from (10),(11),(14), and (15), we have
1

—14j2nt, 5 =12t
14271 5:§andb+—1

Ry p(0) = atl1
a,b( ) _1_3.2.,1_17 5= a%bH
-1, otherwise.
Case 2) a=b:

When 6 = 1, it is straightforward that d(z) = 0
and Ry 2(1) = 2™ — 1. For 6 € Fan \ Fy, we have

2”—1’ § = atl

Sy (0) = §-2"7" d=.h (16)
0, otherwise
n—t 0=

Sya(0) el g=ef (1)
0, otherwise.

Thus the correlation distribution is given by

2" — 1, 0=1
1+ '2"—1, § = atl
Rayb((s) = j-2n—1 5 — Z
—1-j2vt b=
-1, otherwise
for 0 € Fy.. O

Using Theorem 1, we can construct a set of quater-
nary LCZ sequences.

Theorem 2 : Let n and e be positive integers such
that eln. Let [ be a primitive element in Fhe and
T = 32:% Let M ={m;(x)|0<i<2°-2, z € F}.}
be the set of sequences defined by the functions

2tr} (z)
tr? () B 2tr7(B'x), for 1 <i<2°—2.

mo(x) =



Then, the set M isa (2"—1,2¢—1,T,1) LCZ sequence
set and has the following correlation distribution:

2" —1, 2¢ — 1 times
-1, A times
—14 52" 2¢(2° — 2) times
Rix(0) = {—-1-j2""", 2°(2° — 2) times
—142m1 2(2° — 1)(2° — 2) times
2nTh 14 52n7h 2(2° — 1) times
(27— 1277, 2(2° —1) times

(18)
as d varies over Fyn and 0 <7,k < 2° — 2 and where A is
24 (27 427 — 5. 2° 4 4)(2° — 1).

Proof : Set 6 = a”. Let d(x) = m;(dx) — my(z). We
consider the following five cases.
Case 1) i =k =0 (once):

In this case, Rg(d) can be rewritten as

2" —1, onceford=1
Ro(0) = .
-1, 2™ — 2 times for 0 € Fon \ Fh.
Case 2) i=Fk#0 (2°— 2 times):
Let a = 3* = $*. From Theorem 1, the correlation
function is given as

2" — 1, once for § =1
—1+4 45271 once for § = L
R;(0) = 1 _ gn-1 for § — a
—1—3j , once for § = ;45
-1, otherwise (2" — 4 times)
for § € F3..

Case 3) i#0and k=0 (2°— 1 times) :
Set a = 3. Then d(z) is given by d(z) = {tr}(6x)B
2tr7 (adz) } — 2tr7 (x). Thus R; 0(d) is written as

Rzo(d) = Z wzr?(él’)EQ(tr?(a&a;)+tr;"($))'

)

zeFy,

It is clear that Ny, (0) = 2" if § = L and 277!
otherwise. And N, (0) = 2" if § = 5 and 2"~}
otherwise. Using Lemma 1, we have

2n—1 -1 +j2n—1’
2n—1 -1 _jzn—l

once for § = %

once for § = ——

R'LO(&) = a+1

s

-1, otherwise (2" — 3 times).

Case 4) i=0and k # 0 (2° — 1 times) :
Set b = B*. Similarly to Case 3, we have

277,71 -1 _|_j2n717
2n71 —1= j2n71,

once for § = b

Ry 1(0) = once for § =b+1

Case 5) i# k,1#0,and k # 0 ((2°—1)(2° - 2)
times ):

Let a = #* and b = B*. The crosscorrelation func-
tion between the two sequences m;(z) and mg(x) is
given by
Rin(0) = Z witr?(wé)Eﬁfcr?(aa;é))El(tI‘?(a;)BﬁtI‘?(bw)).

zEFS,

From Theorem 1, we have

—1+ 42"~ once for § = 2L

_ n—1 : _b b+1
Rin(6) = 1+ 2 n,’l twice for § . or

—1—742""%, once for § = 75

-1, otherwise (2" — 5times).

Given any pair of sequences in the set M, the
correlation functions have the low correlation zone
[1—-T,T —1]. We can derive (18) by combining the
above 5 cases. g
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-1, otherwise (2™ — 3 times).



