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Abstract — In this paper, for homogeneous and non-

homogeneous linear orthogonal space-time codes with

square QAM’s, the exact expressions of the bit error

probability in slow Rayleigh fading channel are de-

rived.

I. Introduction

Let Lt and Lr be the numbers of transmit antennas and re-
ceive antennas, respectively. The codeword X is a matrix with
N rows and Lt columns. At time n, the Lt symbols in each
row of X are simultaneously transmitted via the Lt transmit
antennas, where 1 ≤ n ≤ N . We assume slow Rayleigh fad-
ing channel, where fading is assumed to be constant over the
duration of a codeword matrix. Let A be an Lt ×Lr channel
matrix and known to the receiver. Let Y be a N×Lr received
matrix and W a N × Lr noise matrix. Then we have

Y =

√

ρ

Em
X · A + W

where ρ is the average signal to noise ratio (SNR) and Em

the average energy transmitted from all Lt transmit antennas
combined during a symbol period.

The message vector of length Ls is denoted by

s = (s1, s2, · · · , sLs
). (1)

Since QAM is defined in the two-dimensional signal space, it is
necessary to split the Ls-dimensional complex message vector
in (1) into the 2Ls-dimensional real vector given by

s
′ = (s1,x, s1,y, s2,x, s2,y, · · · , sLs,x, sLs,y) (2)

where sk = sk,x + jsk,y, 1 ≤ k ≤ Ls.
Let C(·) be a mapping from an Ls-tuple complex message

vector to the columnwise orthogonal N ×Lt codeword matrix
given by X = C(s) [1]. By using the columnwise orthogonality
of the orthogonal space-time codes, we have

C(s)HC(s) = diag{

Ls
∑

k=1

gk,1 · |sk|
2
, · · · ,

Ls
∑

k=1

gk,Lt
· |sk|

2} (3)

where (·)H denotes the Hermitian operator. Note that the
diagonal terms are the squared magnitudes of the columns of
C(s) and gk,i is the multiplicity of the symbol |sk|

2 in the i-th
antenna.

Linear orthogonal space-time codes can be classified ac-
cording to the values of gk,i. A linear orthogonal space-time
code is said to be homogeneous if gk,i is constant.

Let Es be the average symbol energy of sk. Thus Em can
be expressed as Em = 1

N

∑Lt

i=1

∑Ls

k=1
gk,i · Es.
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Let C be a linear orthogonal space-time code. Let p =
{p1, p2, · · · , pLs

} and q = {q1, q2, · · · , qLs
} be distinct mes-

sage vectors and C(p) and C(q) be the corresponding code-
words, respectively. Let X = C(p) and X̂ = C(q). From the
columnwise orthogonality of C(·), the difference matrix X− X̂

also has a columnwise orthogonal property. Using (3), we can
get the pairwise error probability

P (C(p) → C(q)) =
1

π

∫ π/2

0

Lt
∏

i=1



1 +
γ

4 sin2 θ

Ls
∑

k=1

gk,i|pk − qk|
2





−Lr

dθ.

where γ = ρ
Em

.

II. Exact Bit Error Probability for QAM’s
Let dh(a,b) be the Hamming distance between two vectors

a and b. Let s and ŝ be vectors such that sk,x 6= ŝk,x and
dh(s′, ŝ′) = 1 where s′ and ŝ′ are defined in (2). We can define
the one-dimensional component error function as a function
of distance l = |sk,x − ŝk,x|:

P (C(s) → C(ŝ)) = Qk,x(l) =
1

π

∫ π/2

0

Lt
∏

i=1

[

1 +
γ

4 sin2 θ
gk,i · l

2

]

−Lr

dθ.

It is clear that Qk,x(l) = Qk,y(l). For homogeneous codes, it
can be rewritten in closed form by the result of [2].

Let 2d be the smallest distance between two constellation
points of given square QAM. By using the one-dimensional
component error function, the exact bit error probability for
homogeneouse and nonhomogeneouse orthogonal space-time
codes are derived as

PQPSK =
1

2Ls

Ls
∑

k=1

{Pe(sk,x) + Pe(sk,y)} =
1

Ls

Ls
∑

k=1

Qk,x(2d)

P16QAM =
1

Ls

LS
∑

k=1

{
3

4
Qk,x(2d) +

1

2
Qk,x(6d) −

1

4
Qk,x(10d)}

P64QAM =
1

Ls

Ls
∑

k=1

1

12

{

7Qk,x(2d) + 6Qk,x(6d) −Qk,x(10d)

+Qk,x(18d) −Qk,x(26d)
}

P256QAM =
1

Ls

Ls
∑

k=1

1

32

{

15Qk,x(2d) + 14Qk,x(6d) −Qk,x(10d)

+ 5Qk,x(18d) + 4Qk,x(22d) − 5Qk,x(26d) − 4Qk,x(30d)

+ 5Qk,x(34d) + 4Qk,x(38d) − 3Qk,x(42d) − 2Qk,x(46d)

+ Qk,x(50d) −Qk,x(58d).
}
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