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Abstract—1In this paper, we derive the cyclotomic numbers
of order 5 over an extension field F» using the well-known
results of quintic Jacobi sums over £}, [1]. For p # 1 mod 5, we
have obtained the simple closed-form expression of the cyclotomic
numbers of order 5 over Fj,».. For p = 1 mod 5, we express
the cyclotomic number of order 5 over F,» in terms of the
solution of the diophantine system which is required to evaluate
the cyclotomic number of order 5 over F),. Using the cyclotomic
numbers of order 5 over Fj,», autocorrelation distributions of
5-ary Sidel’nikov sequences of period p” — 1 are also derived.

I. INTRODUCTION

Recently, Kim, Chung, No, and Chung [5] have shown the
relation between the autocorrelation distributions of M-ary
Sidel’nikov sequences of period p™ — 1 [7] and the cyclotomic
numbers of order M over the finite field Fj,» with p” elements.
Thus it is interesting to find the cyclotomic numbers of order
5 over I},n for the derivation of autocorrelation distributions
of 5-ary Sidel’nikov sequences.

For a prime p = Md + 1, numerous studies have discussed
the cyclotomic numbers of order M [1]-[3], [8]. In 1935,
the cyclotomic numbers of order 5 over F), are derived by
Dickson [3]. He evaluated 25 cyclotomic numbers of order 5
over I, for a prime p = 1 mod 5, in terms of the solution of
the diophantine system: 16p = z2 + 50u3 + 5003 + 126w,
Towo = v3 — dugvy — ug, and ¥ = 1 mod 5.

Noting that the above diophantine system has exactly four
solutions and Dickson did not specify which of these four
solutions was used, Karte and Rajwade [4] in 1985, supple-
mented two more conditions to the diophantine system for the
unique determination of the cyclotomic numbers of order 5 not
only over [, but F},». But their derivation is limited only to
the case of p =1 mod 5 and still requires the solution of the
diophantine system associated with the extension field Fj.

In this paper, we derive the cyclotomic numbers of order 5
over an extension field Fj» using the well-known results of
quintic Jacobi sums over F}, [1]. For p # 1 mod 5, we have
obtained the simple closed-form expression of the cyclotomic
numbers of order 5 over F,». For p = 1 mod 5, our derivation
becomes similar to Karte and Rajwade’s, but only requires the
solution of the diophantine system associated with the prime
field F}, not F},~. Using the cyclotomic numbers of order 5
over Fj», autocorrelation distributions of 5-ary Sidel’nikov
sequences of period p™ — 1 are also derived.
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II. PRELIMINARIES

Let 5|(p™ —1) and « be a primitive element of Fj,». Then the
cyclotomic numbers of order 5 are defined as follows.

Definition 1: The cyclotomic class C; of order 5, 0 < i <
4, in Fj» is defined as

Ci={a? |o<i<? 5_1}.

For fixed positive integers ¢ and 7, 0 < 4, j < 4, not necessarily
distinct, the cyclotomic number (4, j)5 is defined as the number
of elements z € C; such that 1 4 z € Cj. O

The following lemma [8] shows the elementary relationships
among the cyclotomic numbers of order 5.

Lemma 2: [8]

1) For any integers Iy and lo, (i + 51,5 + 5l2)5 = (4,4)s

2) (i7j)5 = (5 — 4,5 — i)S

3) (Z7.7)5 = (]71)5

Jrms 1, ifi=0

4) 2.7:0(1:9)5 =55 + = 0;, for 6; = { 0, otherwise
. 1, ifj=0

5) Y izolisi)s = P L —n;, forn; = { 0, otherwise.

O
Let G be a finite abelian group of order |G|. A character
x of G is a homomorphism from G into the multiplicative
group U of complex numbers of absolute value 1. Then we
can define the characters, Gauss sum, and Jacobi sum as in
the following definitions.
Definition 3: A multiplicative character of order M of Fjn
is defined as

Yar(al) =5, if ol € F, and 9 (0) =0

where j = +/—1, ais a primitive element of Fjn, M|(p" —1),
and 0 <t <p" —2. O

Let tr : Fjn — F}, be the trace function from Fj,» to Fj.
. j2mtr(e) . .
Then the function x(c¢) = e »  is the canonical additive

character of Fj». Let ¢ be a multiplicative character and x
an additive character of Fj,». Then the Gauss sum G(¢, x) is
defined by

G, x) = Y p(e)x(o)-

ce F;n

Definition 4: [6] Let A1,--- , A\ be k multiplicative char-
acters of F},». Then the sum

JA, - A) = Ar(er) -+ Aeler)
1t tep=1
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with the summation extended over all k-tuples (cq,-- -, cx) of
elements of Fj» satisfying ¢q +---+c¢ = 1, is called a Jacobi

sum in Fjn. O
For the nontrivial multiplicative character ) of F,», we have
[T (¢, 9)* = p™.

Throughout the paper, we will denote the multiplicative
character of order 5 by ¢ and the Jacobi sum J(¢%, 47) by

J(i,7)-
III. THE CYCLOTOMIC NUMBERS OF ORDER 5 OVER Fjn

From 2) and 3) of Lemma 2, we can name the following 7
cyclotomic numbers of order 5 over Fj» from A to G.

A=1(0,0)5

B=(1,1)5 = (4,0)5 = (0,4)s
C=1(2,2)5=(3,0)5=(0,3)5

D =(3,3)s = (2,0)5 = (0,2)s5

E=(4,4)5=(1,0)5 =(0,1)5
F=(21)5=3,4)5=(1,4)s5=(4,1)5=(4,3)5 = (1,2)5
G=(3,2)5=(24)5=(1,3)s =(3,1)5 = (2,3)5 = (4,2)5

Then, from 4) of Lemma 2, we have

n_q
A+B+C+D+E="

T T
Pl cipiraa=""1
5 5

There are 7 unknowns, but we have only 3 equations. What
we are going to do is reducing the number of unknowns to
3 by directly evaluating A, B, C, and F' using quintic Jacobi
sums.

Since —1 € Cy, the cyclotomic number, (i,7)s, 0 < 4,5 <
4, corresponds to the number of the ordered pair (I1,l2)
satisfying a®1+? 4 o2+ = 1 for integers 0 < I,ls <
(p™ — 1)/5. The next theorem tells us that the number of
solutions (z,2) of a'x® + /2% = 1, 2,2 € F,n can be
expressed in terms of the Jacobi sums [6].

Theorem 5: [Lidl and Niederreiter [6]] The number IV, ; of
solutions (z, z) of a diagonal equation a‘z® + af2° = 1 in
F7. is given by

-1

B+E+2F+G=

4 4

=p"+ > Y (aTr (a )T (k).

k1=1ko=1

Ni;

O
Using the well-known properties of Jacobi sums, we can
obtain the following relationships among the quintic Jacobi
sums.
Lemma 6: The quintic Jacobi sums have the following
equalities:

J(1,1) = J(1,3) = J(3,1), J(2,2) = J(1,2) = J(2,1)
J(3,3) = J(3,4) = J(4,3), J(4,4) = J(4,2) = J(2,4)
J(1,4) = J(2,3) = J(3,2) = J(4,1) = —1.

Using Theorem 5 and Lemma 6, we will evaluate A, B, C,
and F in terms of Jacobi sums J(1,1) and J(2,2) in the
following series of four lemmas. Let J(1,1) = a + jb,
J(2,2) = c+jd, j = /-1, and a,b,c, and d be in the real
number field R. And let w be a complex 5-th root of unity.

Lemma 7: The cyclotomic number A = (0,0)5 over Fjn is
given as

25A = p" +6(a +c) — 14.

Proof: A = (0,0)5 is the number of solutions z°(# 0,1)
of 2% 4 2% = 1, for a given 2° € F,»\{0,1}. It is clear that
a single solution z° (# 0,1) in the computation of (0,0)s
corresponds to 25 solutions (xB%,2/7), 0 <i,5 <4, in No,
where 3 = o5 . Also in the computation of (0,0)5, we
have to exclude the ten solutions (z, z) in Ny o, namely, (0, 1),
(0,8). (0,8%), (0,5%), (0,8%), (1,0), (8,0), (5%,0), (5°,0),
(8%,0), since they correspond to either % = 0 or 2% = 1.

Thus we have

~ Nopo—10
(0,0)5 = 9% .
From Lemma 6, we have

Let J(-,-) denote the complex conjugate of J(-,-). Since
J(1,1) = J(4,4) and J(2,2) = J(3,3), we have done. [

Lemma 8: The cyclotomic number B = (4,0)5 over Fpn
is given as

50B = 2p" — 3(a+c) + V5(a —¢) — \/5 + 2v/5(b + 3d)

—1/5—2V5(3b — d) — 4.

Proof: B = (4,0)5 is the number of solutions x° of
a1z’ 4+ 25 = 1, for a given 2° € F,»\{0,1}. If z = 0,
we have 2° = 1. Similarly to the previous case, we remove 5
solutions for Ny ¢ and thus we have

Nig—5
4,0)5 = — 2072
(4,0)5 25

From Lemma 6, we have
Nuo =p" + 2w+ w*)J(1,1) + (w + 2w J(2,2)
+ (2w +wh)J(3,3) + (W + 20" T (4,4) + 1.
Since 2w + w3 = 2w* + w? and w + 2w? = w?* + 2w3, we
have done. O

Lemma 9: The cyclotomic number C' = (3,0)5 over Fpn
is given as

50C = 2p™ — 3(a+c) — V5(a —¢) — \/5 +2V5(3b — d)

+1/5—2v5(b + 3d) — 4.

Proof: C = (3,0)5 is the number of solutions 2% of o225+
25 = 1, for a given 2° € F,»\{0,1}. If z = 0, we have
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2® = 1. Similarly to the previous case, we remove 5 solutions
for N3 and thus we have

N3o—5
3,0)5 = ————.
(7 )5 25

From Lemma 6, we have
N3 =p" + (2w* +w)J(1,1) + (w? 4 2w*)J(2,2)
+ (2w + w?®)J(3,3) + (w* +2w%)J(4,4) + 1.

Since 2w2 + w = 2w3 + w?* and W2 + 2wt = W3 + 2w, we
have done. O

Lemma 10: The cyclotomic number F' = (3,4)5 over Fp»
is given as

25F = p" + (a+¢) — V5(a—c) + 1.

Proof: F = (3, 4)5 is the number of solutions z° of o225+
a~'z% = 1, for a given z° € F.. Since a is a primitive
element of F,n, x = 0 cannot be a solution of the above
equation. Thus we have

N34
3,4)s = —=—.
T
From Lemma 6, we have
N3g=p" + (W +w?+1)(J(1,1) + J(4,4))
Hw +w+1)(J(2,2) + J(3,3) — (W' + w® + W +w)
= p" — 4Re[w]Re[J(1,1)] — 4Re[w?|Re[J(2,2)] + 1.
cos(&r) =

Since Re[w] = - (=1 + +/5)/4 and Re[w?] =
cos(4F) = (=1 — V/5)/4, we have done. O
Using the previous lemmas, we can calculate the 7 param-
eters A, B,--- ,G as follows.
Theorem 11: Let x = 2(a + ¢), 25w = 2v/5(a — ¢),
500 = —2v/5+2v/5(b + 3d) — 2/5 — 2/5(3b — d), and
50u = —2v/5+ 2v/5(3b — d) + 2v/5 — 2¢/5(b + 3d). Then

the cyclotomic numbers of order 5 over F),» are given as

25A =p" +3x— 14 )
100B = 4p™ — 3z + 25w + 50v — 16 2)
100C = 4p™ — 3x — 25w + 50u — 16 3)
100D = 4p™ — 3z — 25w — 50u — 16 @)
100E = 4p™ — 3x + 25w — 50v — 16 5)
50F =2p™ +x — 25w + 2 6)
50G = 2p™ + @ + 25w + 2 )

where the integers x,u, v, and w satisfy that 22 + 125w? +
50u? 4 5002 = 16p", v —4uv —u? = zw, and £ = 1 mod 5.

Proof: From Lemmas 7-10, it is not difficult to derive D,
E, and G. By substituting = 2(a + ¢), 25w = 2\/5(a —c),
500 = —2v/5+2v5(b 4 3d) — 2/5 — 2¢/5(3b — d), and
50u = —2/5 + 2v/5(3b — d) +2v/5 — 2¢/5(b + 3d), we can
derive (1)—(7).

From (1), it is clear that x is an integer. And from (6) and
(7), we have G — F' = w. Thus w is an integer. From (3) and

(4), we have C' — D = w. Thus u is an integer. Finally from
(2) and (5), we have B — E = v. Thus v is an integer.

Next, we will show that 2 + 125w? 4 50u? + 5002 = 16p™
and v? — 4uv — u? = xw. Using

r? =4(a+c)?, 125w® = 4(a — c)?

500% = 5% [(5 +2v5) (b + 3d) + (5 — 2v5)(3b — d)?
+2/5(b + 3d)(3b — d)} )
50u? = 5% (54 2V5)(3b — ) + (5 2v/5) (b + 3d)?
— 2V/5(b + 3d)(3b — d)}, )

we have 22 + 125w? = 8(a? + ¢?) and 50u? + 500% = 8(b2 +
d?). Since a?® + b? = p" and c® + d®> = p”, we have 22 +
125w? + 50u? + 50v% = 16p™.

From (8) and (9), we have

4

02 —? = ﬁ(# + 4bd + d?) (10)

125

4v/5
duv = —— (4b* + 4bd — 4d?). 11
uv 125( b* + 4bd — 4d°) (11)

From (10) and (11), we have

02— duw —u? = 4—\/5(d2 —b?) = %(aQ —?) = zw.
25 25

From (1), p” 4+ 3z — 4 = 0 mod 5. Since p"” = 1 mod 5, we
have x = 1 mod 5.

O

Now, we have to find the Jacobi sums J(1,1) and J(2,2).

A. The Case for p # 1 mod 5

For p # 1 mod 5, we can obtain the Jacobi sums over Fj»
using Stickelberger’s Theorem.

Theorem 12: (Stickelberger’s Theorem) [6] Let ¢ be a
prime power, ¢ a nontrivial multiplicative character on Fi> of
order M dividing ¢+ 1, and x the canonical additive character
of Fy2. Then,

if M odd or L even

G ={ Iy

—q, if M even and iMl odd.

O
For evaluating Jacobi sum J(1,1) on Fpn, we will use the
lifting idea given in the following theorem.

Theorem 13: [6] Let Aj,---, X\, be multiplicative charac-
ters of F,, not all of which are trivial. Suppose that \j, - -+ , A}
are lifted to characters Aq,--- , A\, respectively, of the finite

extension field E of Fy, with [E : F;] = m. Then
JA, - M) = (71)(m—1)(k—1)<]()\/17 LA™,

O
Lemma 14: For p # 1 mod 5, the quintic Jacobi sums over
F,» are given as

J(1,1)=J(2,2) = (_1)m71pn/2
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where
if p=2or 3mod5

n
m—{ %, if p=4mod 5.

Proof: For p = 2mod 5 and p” = 1 mod 5, n must be
a multiple of 4. Let n = 4m and ¢ = p?. Let ¢’ be a
multiplicative character on Fj. By Stickelberger’s Theorem,
G, x) = G(¥'®,x) = p?. Thus the Jacobi sum J(¢', ")
on Fy is evaluated as

/ 2 4
J(wl,wl) — (G(¢/;X)) — % — p2.
GW?x) p
By lifting, we have J(1,1) = (—1)™"1p?™ = (=1)""1pn/2,
The case for p = 3 mod 5 is similar to the case for p =
2 mod 5.

For the case when p = 4 mod 5, n must have the divisor
2. Let n = 2m and ¢ = p. By Stickelberger’s Theorem,
G’ x) = G(¢'?,x) = p. By lifting, we also have J(1,1) =
(_l)mflpm — (_1)m71pn/2.

Since 1/)2 is also a multiplicative character of order 5, we
can obtain the same result for J(2,2).

O

Using Theorem 11 and Lemma 14, the cyclotomic numbers
of order 5 over Fj» for p # 1 mod 5 can be computed as
follows:

Theorem 15: For p # 1 mod 5, we have

254 = p" —12(—1)"p"/? — 14
25B = 25C = 25D = 25E = p" + 3(—1
25F = 25G = p" — 2(—1)"p"/? + 1

n

m = { E

2

Proof: From Lemma 14, we have x = 4(—1 and

w = v = u = 0. From Theorem 11, we can obtain the above
relations. O

)mpn/Q —4

where
if p=2or3mod5

if p=4mod 5.

)mflpn/Q

B. The Case for p =1 mod 5

Using the well known result of Jacobi sums over F, [1],
we will evaluate J(1,1) and J(2,2) over Fjn.

Theorem 16: [1] For p = 1 mod 5, the quintic Jacobi sums
over F), are given as

4J(1,1) = wo + 5w V5 + jug\/ 50 + 10v/5
+ jvo\/50 — 10v/5

4J(2,2) = o — bwoV/5 + jvg\/ 50 + 10V
— jug\/50 — 10v/5

where 7 = /—1 and the integers xo,wo, vy, and ug are the
solutions of

16p = xf + 125w§ + 5003 + 50ud

ToWo = 1)8 - uO 4dugvg, and zop =1 (mod 5). (12)

O
Note that if (xo,wo,v0,up) is a solution of (12),
then  (xo,wo, —vo, —uo), (2o, —wo, —uo,v0),  and

(zo, —wp, ug,vg) are also solutions of (12). The integers,
T, Wo, Vo, and wug satisfying (12) are listed in Table I for
p < 100 and p = 1 mod 5.

TABLE I
THE INTEGERS Z(, wo, Vo, AND ©g SATISFYING THE CONDITIONS (12)
FOR p < 100 AND p = 1 mod 5 [1].

[P @o [ wo] v [ uo]
11 T[] 1] 1] 0
300 -1 1| 2
ar| =9 -1 3| o
61 1| 11| 4
71 —19 | 1| -3] -2

Using the lifting idea in Theorem 13, we can obtain the
Jacobi sums over the extension field Fj». Let

Di(k,r,s) = <2’;) (i) <n - 2k>
Ds(k,r,s) = <2k71 1> (i) <n —Tzk>

B(k,r,s) = ap 2K wf o (uf + 0f) 7 (—10)F5E T

Lemma 17: Let

_ Uo\/50+10 +U0\/50—10 )

H
! xo + SwoV5

Then we have

x \/5‘“”(71)5

where |z | denotes the greatest integer less than or equal to x.
O
Lemma 18: Let

(v0v/50 4+ 10v/5 — upy/50 — 10v/5
Tro — 5w0\f

H, =

Then we have

Di(k,r,8)B(k,r,s)V5 (1)

n—2k
Dy(k,r,s)B(k,r,s)

k=0 s=0 r=0
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IV. AUTOCORRELATION DISTRIBUTIONS OF 5-ARY
SIDEL’NIKOV SEQUENCES

The M-ary Sidel’nikov sequence s(¢) of period N = p™ —1
[7] is defined as
ifate{c—1|ceCy}, 0<k<M-1

01k

where ko is some integer modulo M. The autocorrelation
function of Sidel’nikov sequences is defined as

. n_q
if t= PT

N-1
s(t)—s(t+71
R(r) =3 Wi
t=0

and in [5], it is shown that R(7) is written as the following
form

u+k
Ru,v _ _(WM 0

-t - 1)
where wjs is a complex M-th root of unity.

Also in [5], the autocorrelation distributions of M -ary
Sidel’nikov sequences are expressed in terms of the cyclotomic
numbers over F,» of order M. Using the cyclotomic numbers
of order 5 in Section III, we can obtain the autocorrelation
distribution of 5-ary Sidel’nikov sequences as in the following
theorem.

Theorem 19: Let N(R, ,) be the number of R, , in R(7)
for 0 < 7 < N — 1. Then the out-of-phase autocorrelation
distribution of a 5-ary Sidel’nikov sequence of period p" — 1
is given as:

N(0) = A+ 2B +2C + 2D + 2E = (9" — 3z — 46)/25

N(Rl 1) :N(R44) :F N(R373) :N(Rzg) :G
N(Ry3) = N(Rp4) = 2F = (2p" + 2 — 25w + 2) /25
N(R34) = N(R1 2) =2G = (2p" 4+ = + 25w + 2) /25

= (4p" — 3z + 25w — 16)/50
= (4p"™ — 3z — 25w — 16)/50.

)
)
N(Ry4)
N(Rz,3)
O

Note that if w =0, we have B+ FEF=C + D and F = G.
Although the partition itself of F). into cyclotomic classes
is invariant if we use the primitive element §(= «*) instead
of «, the name of each class, and accordingly the cyclotomic
numbers can be switched. Let (7, j) s, denote the cyclotomic

number (4, 7) s obtained by using « as the primitive element.
Then, for another primitive element 5(= «®), we have

(4,5) M0 = (i8,J8) 01,

Since the autocorrelation distribution of a 5-ary Sidelnikov
sequence is expressed in terms of the cyclotomic number
of order 5, the distribution can be altered if we change the
primitive element.

Theorem 20: For w # 0, there are two different types of
the autocorrelation distributions for the given period of 5-ary
Sidel’nikov sequences.

Proof: Let B = a~*. If s =4 mod 5, then we have

AQ—A57 a_Fﬁ7 GCM:G[:)'
By = (1,1)5,0 = (4,4)5,3 = Ep, vice versa
Co =(2,2)50 = (3,3)5,3 = Dg, vice versa

where the subscripts o and § denote the primitive elements of
F,» used for the construction of the cyclotomic classes of or-
der 5. Then the autocorrelation distribution of the Sidel’nikov
sequence remains the same when we change the primitive
element o with 8. Similarly, if s = 2 mod 5, we have

and then the autocorrelation distribution of the S5-ary
Sidel’nikov sequence is altered when we change the primitive
element o with (. The autocorrelation distribution for s =
3 mod 5 is the same as that for s = 2 mod 5. If w = 0, we
have B+ EF = C + D and F' = G, which means that there
exists only a single autocorrelation distribution for the given
period of 5-ary Sidel’nikov sequences. g
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