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Abstract—In this paper, a new generation method of quater-
nary sequences of period 2(2n−1) with ideal autocorrelation and
balance property is proposed using the binary sequences of period
2n − 1 with ideal autocorrelation and reverse Gray mapping.
The autocorrelation distribution of the proposed quaternary
sequences is also derived.

I. INTRODUCTION

Pseudorandom sequences with good autocorrelation play
important roles in many areas of communications, cryptog-
raphy, and other digital systems. Such sequences are required
to be easily distinguished from their shifted versions, that is,
to have low nontrivial autocorrelation values. Due to their
usefulness in the digital communication systems with binary
and quaternary modulations, binary and quaternary sequences
have been paid more attention in the sequence design. Up
to now, most researches have been devoted to the binary se-
quences rather than the quaternary sequences. There have been
found several quaternary sequences with good autocorrelation
property.

Let Rmax be the maximum magnitude of the nontrivial
autocorrelation values of the sequences. If Rmax = 0, then the
sequences have the perfect autocorrelation property. But, it is
conjectured and supported by extensive simulation that there is
no binary or quaternary sequences with perfect autocorrelation
except for a few cases of the sequences with short period [1].
In the case of Rmax = 1, there have been numerous researches
on binary sequences, such as m-sequence [2], GMW sequences
[3], and sequences from the images of polynomials [4], etc.

There have also been various researches on the quaternary
sequences with good autocorrelation [1], [5], [6], [7], [8].
Sidel’nikov introduced M -ary sequences with good autocor-
relation property, which includes the quaternary sequences as
a special case [5]. Schotten’s complementary-based sequences
[1], [6], [7] have good autocorrelation property for odd period.
Luke, Schotten, and Hadinejad-Mahram constructed quater-
nary sequences with Rmax = 2 [1] for even period. For period
N ≡ 2 (mod 4), quaternary sequences with Rmax = 2 [1]
can be also constructed by modifying Lee’s perfect sequences

[9] or by periodic multiplication method. These are the best
known results on the autocorrelation of pure quaternary (or
quadriphase) sequences.

In this paper, the ideal autocorrelation of the quaternary
sequences is proposed. A new generation method of quaternary
sequences of period 2(2n − 1) with ideal autocorrelation and
balance property is proposed using the binary sequences of
period 2n − 1 with ideal autocorrelation and reverse Gray
mapping. The autocorrelation distribution of the proposed
quaternary sequences is also derived.

II. PRELIMINARIES

In this section, we introduce some definitions and notations.
For positive integers q and N , let g(t) be a q-ary sequence of
period N . Let

Ak = {t | g(t) = k, 0 ≤ t < N}, k = 0, 1, · · · , q − 1.

Then a quaternary sequence g(t) of period N is said to be
balanced iff |Ai −Aj | ≤ 1 for any pair of i, j.

The autocorrelation function of g(t) is defined as

Rg(τ) =
N−1∑
t=0

ωg(t)−g(t+τ)
q

where 0 ≤ τ < N and ωq is the complex primitive qth root
of unity, e.g., ω4 =

√−1.
When the sequences are used in the communication systems,

such as preambles for the synchronization, it is known that it
is desirable for the sequences to have the following properties:
• The maximum sidelobes of their autocorrelation functions

is as low as possible;
• For a given maximum sidelobe, the number of occur-

rences of the maximum sidelobe is minimal. .
Those properties of the sequences guarantee the minimum
false alarm rate in the application of the synchronization for
wireless communication systems. The sequences having the
above two properties in the order are said to have the ideal
autocorrelation property. It is well known that the binary



sequence of odd period N with ideal autocorrelation property
has the distribution of autocorrelation values as

Rg(τ) =

{
N, 1 times
−1, N − 1 times.

Jang, Kim, Kim, and No [10] proposed the ideal autocor-
relation property of the quaternary sequences of even period
with balance property as in the following theorem.

Theorem 1 (Jang, Kim, Kim, and No [10]): Let N be an
even integer. Then the autocorrelation distribution of a qua-
ternary sequence g(t) of period N with ideal autocorrelation
and balance property is given as

Rg(τ) =





N, 1 times
0, N

2 − 1 times
−2, N

2 times.
(1)

Let Z2n−1 be the set of integers modulo 2n − 1, i.e.,
Z2n−1 = {0, 1, 2, . . . , 2n − 2}. Let n be a positive integer
and s(t) a binary sequence of period 2n − 1 with ideal
autocorrelation. Let Du be the characteristic set of s(t − u),
i.e.,

Du = {t | s(t− u) = 1, 0 ≤ t ≤ 2n − 2} = D0 + u

where u ∈ Z2n−1, D0 + u = {d + u | d ∈ D0}, and +
means addition modulo 2n − 1. Let Du = Z2n−1\Du. Since
all binary sequences with ideal autocorrelation have balance
property, it is clear that

|Du| = 2n−1, |Du| = 2n−1 − 1.

From the property of the binary sequence with ideal auto-
correlation, it is easy to check that for u 6= v, we have

|Du ∩Dv| = 2n−2 (2)
|Du ∩Dv| = 2n−2 (3)
|Du ∩Dv| = 2n−2 (4)
|Du ∩Dv| = 2n−2 − 1 (5)

and for u = v,

|Du ∩Dv| = 2n−1 (6)
|Du ∩Dv| = 0 (7)
|Du ∩Dv| = 0 (8)
|Du ∩Dv| = 2n−1 − 1. (9)

By the Chinese remainder theorem, we can repre-
sent Z2×(2n−1)

∼= Z2 ⊗ Z2n−1 under the isomorphism
φ : ζ 7−→ (ζ mod 2, ζ mod 2n − 1), where ⊗ means
direct product. For convenience, we will use the notation
ζ ∈ Z2×(2n−1) interchangeably with (ζ mod 2, ζ mod 2n−1)
throughout the paper.

Let φ[a, b] be the reverse Gray mapping defined by

φ[a, b] =





0, if (a, b) = (0, 0)
1, if (a, b) = (0, 1)
2, if (a, b) = (1, 1)
3, if (a, b) = (1, 0).

Let a(t) and b(t) be binary sequences of period N . Then we
have a quaternary sequence of period N defined by q(t) =
φ[a(t), b(t)]. It is easy to check [8] that

ω
q(t)
4 =

1 + ω4

2
(−1)a(t) +

1− ω4

2
(−1)b(t). (10)

III. NEW QUATERNARY SEQUENCE WITH IDEAL
AUTOCORRELATION

In this section, a new construction method of quaternary
sequence from binary sequence with ideal autocorrelation is
proposed. The autocorrelation function of the proposed qua-
ternary sequence takes the values 0 or −2 except for in-phase
autocorrelation, which is the best for quaternary sequences of
period N ≡ 2 mod 4. The autocorrelation distribution of the
proposed quaternary sequences is also derived.

Krone and Sarwate introduced the relationship between cor-
relation functions of binary sequences and the corresponding
quaternary sequences in (10) as follows.

Lemma 2 (Krone and Sarwate [8]): Let a(t), b(t), c(t),
and d(t) be binary sequences of the same period. Let p(t) and
q(t) be quaternary sequences defined by p(t) = φ[a(t), b(t)]
and q(t) = φ[c(t), d(t)], respectively. Then cross-correlation
function Rp,q(τ) of p(t) and q(t) is given as

Rp,q(τ) =
1
2
{
Rac(τ) + Rbd(τ)

}
+

ω4

2
{
(Rad(τ)−Rbc(τ))

}

where Rac(τ) is the crosscorrelation of a(t) and c(t).

Using a binary sequence with ideal autocorrelation and
reverse Gray mapping, we can construct a quaternary sequence
with the autocorrelation distribution in (1) as in the following
theorem.

Theorem 3: Let n be a positive integer and s(t) a binary
sequence of period 2n−1 with ideal autocorrelation and D0 a
characteristic set of s(t). Let q(t) be the quaternary sequence
defined by

q(t) = φ[a(t), b(t)] (11)

where a(t) and b(t) are the binary sequences of period 2n+1−2
defined as

a(t) =

{
1, if t ∈ {0, 1} ⊗D0

0, if t ∈ {0, 1} ⊗D0

(12)

b(t) =

{
1, if t ∈ {0} ⊗D0

⋃ {1} ⊗D0

0, if t ∈ {0} ⊗D0

⋃ {1} ⊗D0.
(13)

Then the quaternary sequence q(t) of period 2n+1−2 has the
ideal autocorrelation property with the following distribution

Rq(τ) =





2n+1 − 2, for τ = 0
0, for τ ≡ 1 mod 2
−2, for τ ≡ 0 mod 2 and τ 6= 0.

Proof: It is clear that Rq(τ) = 2n+1 − 2 for τ = 0. From
Lemma 2, Rq(τ) can be rewritten as

Rq(τ) =
1
2
{
Ra(τ) + Rb(τ)

}
+

ω4

2
{
(Rab(τ)−Rba(τ))

}
.
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Therefore, what we have to do is to calculate Ra(τ), Rb(τ),
Rab(τ), and Rba(τ).

From the definition of a(t), a(t) can be written as

a(t) = s(t mod 2n − 1). (14)

Therefore, it is clear that

Ra(τ) =

{
2n+1 − 2, for τ = 0 or τ = 2n − 1
−2, otherwise.

(15)

Let t = (t0, t1) and τ = (τ0, τ1), where t0, τ0 ∈ Z2 and
t1, τ1 ∈ Z2n−1. From the definition of a(t) and b(t) in the
theorem, b(t) can be represented as

b(t) =

{
a(t), if t0 = 0
a(t) + 1 mod 2, if t0 = 1.

(16)

Then the autocorrelation function of b(t) can be written as

Rb(τ) =
2n+1−3∑

t=0

(−1)b(t)+b(t+τ)

=
1∑

t0=0

2n−2∑
t1=0

(−1)b(t0,t1)+b(t0+τ0,t1+τ1). (17)

For τ0 = 0, from (16), Rb(τ) in (17) can be rewritten as

Rb(τ) =
1∑

t0=0

2n−2∑
t1=0

(−1)b(t0,t1)+b(t0,t1+τ1)

=
2n−2∑
t1=0

(−1)a(0,t1)+a(0,t1+τ1)

+
2n−2∑
t1=0

(−1)a(1,t1)+1+a(1,t1+τ1)+1

=
1∑

t0=0

2n−2∑
t1=0

(−1)a(t0,t1)+a(t0+τ0,t1+τ1)

=
2n+1−3∑

t=0

(−1)a(t)+a(t+τ) = Ra(τ). (18)

And for τ0 = 1, Rb(τ) in (17) can be also rewritten as

Rb(τ) =
1∑

t0=0

2n−2∑
t1=0

(−1)b(t0,t1)+b(t0+1,t1+τ1)

=
2n−2∑
t1=0

(−1)a(0,t1)+a(1,t1+τ1)+1

+
2n−2∑
t1=0

(−1)a(1,t1)+1+a(0,t1+τ1)

= −
1∑

t0=0

2n−2∑
t1=0

(−1)a(t0,t1)+a(t0+τ0,t1+τ1)

= −
2n+1−3∑

t=0

(−1)a(t)+a(t+τ) = −Ra(τ). (19)

From (18) and (19), Rb(τ) can be written as

Rb(τ) =





2n+1 − 2, for τ = 0
−2n+1 + 2, for τ = 2n − 1
−2, for τ ≡ 0 mod 2 and τ 6= 0
2, for τ ≡ 1 mod 2 and τ 6= 2n − 1.

(20)
Similarly, the cross-correlation function of a(t) and b(t) can

be written as

Rab(τ) =
2n+1−3∑

t=0

(−1)a(t)+b(t+τ)

=
1∑

t0=0

2n−2∑
t1=0

(−1)a(t0,t1)+b(t0+τ0,t1+τ1). (21)

For τ0 = 0, from (16), Rab(τ) in (21) can be rewritten as

Rab(τ) =
1∑

t0=0

2n−2∑
t1=0

(−1)a(t0,t1)+b(t0,t1+τ1)

=
2n−2∑
t1=0

(−1)a(0,t1)+a(0,t1+τ1)

+
2n−2∑
t1=0

(−1)a(1,t1)+a(1,t1+τ1)+1. (22)

From (14), it is easy to derive that
2n−2∑
t1=0

(−1)a(0,t1)+a(τ0,t1+τ1) =
2n−2∑
t1=0

(−1)s(t)+s(t+τ) = Rs(τ)

2n−2∑
t1=0

(−1)a(1,t1)+a(1+τ0,t1+τ1)+1

= −
2n−2∑
t1=0

(−1)s(t)+s(t+τ) = −Rs(τ).

Thus we have Rab(τ) = 0. And for τ0 = 1, (22) can be
computed as

Rab(τ) =
1∑

t0=0

2n−2∑
t1=0

(−1)a(t0,t1)+b(t0+1,t1+τ1)

=
2n−2∑
t1=0

(−1)a(0,t1)+a(1,t1+τ1)+1

+
2n−2∑
t1=0

(−1)a(1,t1)+a(0,t1+τ1) = 0. (23)

Similar to Rab(τ), we can derive Rba(τ) = 0.
Using (15), (20), and (23), Rq(τ) can be calculated as

Rq(τ) =
1
2
{
Ra(τ) + Rb(τ)

}
+

ω4

2
{
(Rab(τ)−Rba(τ))

}

=





2n+1 − 2, for τ = 0
0, for τ ≡ 1 mod 2
−2, for τ ≡ 0 mod 2 and τ 6= 0.
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¤
Using a binary m-sequence, an example of the above

theorem is given as follows.
Example 4: Let s(t) be the binary m-sequence of period 15

given by

s(t) = 0, 0, 0, 1, 0, 0, 1, 1, 0, 1, 0, 1, 1, 1, 1.

Then a(t) and b(t) in Theorem 3 are expressed as

a(t) = 0, 0, 0, 1, 0, 0, 1, 1, 0, 1, 0, 1, 1, 1, 1,

0, 0, 0, 1, 0, 0, 1, 1, 0, 1, 0, 1, 1, 1, 1
b(t) = 0, 1, 0, 0, 0, 1, 1, 0, 0, 0, 0, 0, 1, 0, 1,

1, 0, 1, 1, 1, 0, 0, 1, 1, 1, 1, 1, 0, 1, 0.

From the definition of q(t) in Theorem 3, q(t) can be generated
as

q(t) = 0, 1, 0, 3, 0, 1, 2, 3, 0, 3, 0, 3, 2, 3, 2,

1, 0, 1, 2, 1, 0, 3, 2, 1, 2, 1, 2, 3, 2, 3.

The autocorrelation Rq(τ) of q(t) is calculated as

Rq(τ) = 30, 0,−2, 0,−2, 0,−2, 0,−2, 0,−2, 0,−2, 0,−2,

0,−2, 0,−2, 0,−2, 0,−2, 0,−2, 0,−2, 0,−2, 0.

Using (12) and (13), it is easy to derive the balance property
of the proposed quaternary sequence q(t), which is given in
the following theorem.

Theorem 5: Let q(t) be the quaternary sequence defined in
Theorem 3. Then q(t) has the balanced property, i.e.,

q(t) =





0, 2n−1 − 1 times
1, 2n−1 − 1 times
2, 2n−1 times
3, 2n−1 times.

Proof: From the definition of q(t), we have

q(t) =





0, for t ∈ {0} ⊗ (D0 ∩D0)
or t ∈ {1} ⊗ (D0 ∩D0)

1, for t ∈ {0} ⊗ (D0 ∩D0)
or t ∈ {1} ⊗ (D0 ∩D0)

2, for t ∈ {0} ⊗ (D0 ∩D0)
or t ∈ {1} ⊗ (D0 ∩D0)

3, for t ∈ {0} ⊗ (D0 ∩D0)
or t ∈ {1} ⊗ (D0 ∩D0).

Since D ∩D = ∅ and D ∩D = D, q(t) can be rewritten as

q(t) =





0, for t ∈ {0} ⊗D0

1, for t ∈ {1} ⊗D0

2, for t ∈ {0} ⊗D0

3, for t ∈ {1} ⊗D0.

From (6)–(9), it is clear that q(t) has the following distribution

q(t) =





0, 2n−1 − 1 times
1, 2n−1 − 1 times
2, 2n−1 times
3, 2n−1 times.

From the above distribution, it is easy to see that q(t) is
balanced. ¤
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