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Abstract—In this paper, a new construction method of quater-
nary sequences of even period 2N with ideal autocorrelation and
balance property is proposed using the inverse Gray mapping and
binary sequences of odd period N with ideal autocorrelation. The
new quaternary sequences have improved symbol distribution
property when compared to existing quaternary sequences with
ideal autocorrelation and balance property.

I. INTRODUCTION

Pseudo-random sequences with good autocorrelation prop-
erty play an important role in designing digital communication
systems. The good correlation property guarantees less inter-
ferences in the wireless communication systems. Especially,
binary and quaternary sequences are preferred because the
binary and quadrature modulations are widely used.

In recent years, several methods have been proposed to
generate quaternary sequences with ideal autocorrelation from
binary sequences with ideal autocorrelation [1], [2]. Although
those sequences have good autocorrelation property, they have
a weak point in their symbol distribution, that is, the sequences
take the symbols 0 and 2 at the even indices and the symbols
1 and 3 at the odd indices. This characteristic reduces the
randomness of the sequences.

In this paper, a new construction method of quaternary se-
quences of even period 2N with ideal autocorrelation and bal-
ance property is proposed using the inverse Gray mapping and
binary sequences of odd period N with ideal autocorrelation.
The proposed quaternary sequences have improved symbol
distribution property when compared to existing quaternary
sequences with ideal autocorrelation and balance property.

II. PRELIMINARIES

Let g(t) be a q-ary sequence of period N for positive
integers q and N . Then a sequence g(t) of period N is said to
be balanced if the difference among numbers of occurrences
of each element in a period is less than or equal to one.

The cross-correlation function of g1(t) and g2(t) is defined
as

Rg1g2(τ) =

N−1∑
t=0

ωg1(t)−g2(t+τ)
q .

where 0 ≤ τ < N and ωq is the complex primitive qth root of
unity, e.g., ω4 =

√
−1. When g1(t) and g2(t) are equal, this

function is called the autocorrelation function.

It is well known that a binary sequence of odd period
N with ideal autocorrelation property has the distribution of
autocorrelation values as

Rg(τ) =

{
N, once
−1, N − 1 times.

In addition, the autocorrelation distribution of a quaternary
sequence of even period N with ideal autocorrelation and
balance property is given as

Rg(τ) =




N, once
0, N

2 times

−2, N
2 − 1 times.

Let φ[s0, s1] be the inverse Gray mapping defined by

φ[s0, s1] =




0, if (s0, s1) = (0, 0)

1, if (s0, s1) = (0, 1)

2, if (s0, s1) = (1, 1)

3, if (s0, s1) = (1, 0).

Given two binary sequences s0(t) and s1(t) of period N , we
can have a quaternary sequence of period N defined by q(t) =
φ[s0(t), s1(t)].

Krone and Sarwate derived the relation between the corre-
lations of the binary sequences and those of the quaternary
sequences as follows.

Lemma 1: [3] Let s0(t), s1(t), s2(t), and s3(t) be bi-
nary sequences of the same period. Let q0(t) and q1(t) be
quaternary sequences defined by q0(t) = φ[s0(t), s1(t)] and
q1(t) = φ[s2(t), s3(t)], respectively. Then cross-correlation
function Rq0q1(τ) between q0(t) and q1(t) is given as

Rq0q1(τ) =
1

2

{
Rs0s2(τ)+Rs1s3(τ)+ω4 (Rs0s3(τ)−Rs1s2(τ))

}

where Rsisj (τ) is the cross-correlation function of si(t) and
sj(t).

In [1], Jang, Kim, Kim, and No proposed a construction
method of quaternary sequences. Despite of having the ideal
autocorrelation and balance property, this sequence has a
weakness in its symbol distribution in the sense that q(t) ∈
{0, 2} if t ≡ 0 mod 2 and q(t) ∈ {1, 3} if t ≡ 1 mod 2. This
property reduces the randomness of the sequences.
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III. CONSTRUCTION OF NEW QUATERNARY SEQUENCES

In this section, by using a binary sequence with ideal
autocorrelation and inverse Gray mapping, we propose a
new construction method of quaternary sequences with ideal
autocorrelation and balance property. The autocorrelation dis-
tribution of the proposed quaternary sequences is also derived.

Let b(t) be a binary sequence of odd period N with
ideal autocorrelation. Let b0(t) and b1(t) be the two binary
sequences defined as

b0(t) = b(t),
b1(t) = b(−t).

(1)

Then, a new quaternary sequence of period 2N is defined
as

q(t) = φ[s0(t), s1(t)] (2)

where s0(t) and s1(t) are the binary sequences of period 2N
defined by

s0(t) =

{
b0(t), for t ≡ 0 mod 2

b0(t), for t ≡ 1 mod 2

s1(t) =

{
b1(t)⊕ 1, for t ≡ 0 mod 2

b1(t), for t ≡ 1 mod 2.
where ⊕ denotes modulo 2 addition.

Theorem 2: Let q(t) be the quaternary sequence defined in
(2). Then q(t) has the balance property, i.e.,

q(t) =




0, N−1
2 times

1, N−1
2 times

2, N+1
2 times

3, N+1
2 times.

Proof: Let Bi, i = 0, 1, 2, 3, be the numbers defined by

Bi = |{t|q(t) = i, 0 ≤ t < 2N}|.

If we define N0, N1, N2, and N3 as

N0 = |{t|b0(t) = 0 and b1(t) = 0, 0 ≤ t < N}|
N1 = |{t|b0(t) = 0 and b1(t) = 1, 0 ≤ t < N}|
N2 = |{t|b0(t) = 1 and b1(t) = 1, 0 ≤ t < N}|
N3 = |{t|b0(t) = 1 and b1(t) = 0, 0 ≤ t < N}|

(3)

then, by using the definition in (2), we have

B0 = B1 = N0 +N1 = |{t|b(t) = 0, 0 ≤ t < N}|
B2 = B3 = N2 +N3 = |{t|b(t) = 1, 0 ≤ t < N}|.

Since all binary sequences with ideal autocorrelation have the
balance property, it is clear that

N0 +N1 = N−1
2 ,

N2 +N3 = N+1
2 .

Theorem 3: Let q(t) be the quaternary sequence defined in
(2). Then q(t) has the ideal autocorrelation property with the
following distribution

Rq(τ) =



2N, for τ = 0

0, for τ ≡ 1 mod 2

−2, for τ ≡ 0 mod 2 and τ �= 0.

Proof: From Lemma 1, Rq(τ) can be rewritten as

Rq(τ) =
1

2

{
Rs0(τ) +Rs1(τ) + ω4(Rs0s1(τ)−Rs1s0(τ))

}
.

From the definition of s0(t) and s1(t), the autocorrelation
function Rs0(τ) of s0(t) and the autocorrelation function
Rs1(τ) of s1(t) are expressed as

Rs0(τ) = 2Rb0(τ)

Rs1(τ) =

{
2Rb1(τ) for τ ≡ 0 mod 2

−2Rb1(τ), for τ ≡ 1 mod 2 .

From the definition of s0(t) and s1(t), it is easy to check that

s0(t) + s1(t+ τ) = s0(t+N) + s1(t+N + τ)⊕ 1, 0 ≤ t < N,

and thus we have

Rs0s1(τ) = Rs1s0(τ) = 0.

When b(t) has the ideal autocorrelation property, it is clear
that

Rb0(τ) = Rb1(τ) =

{
N, for τ = 0

−1, otherwise .

Using this result, Rs0(τ) and Rs1(τ) can be calculated as

Rs0(τ) =

{
2N, for τ = 0 or τ = N

−2, otherwise

Rs1(τ) =




2N, for τ = 0

−2N, for τ = N

−2, for τ ≡ 0 mod 2 and τ �= 0

2, for τ ≡ 1 mod 2 and τ �= N .

Therefore, Rq(τ) can be derived as

Rq(τ) =
1

2

{
Rs0(τ) +Rs1(τ) + ω4(Rs0s1(τ)−Rs1s0(τ))

}

=



2N, for τ = 0

0, for τ ≡ 1 mod 2

−2, for τ ≡ 0 mod 2 and τ �= 0 .

Note that the quaternary sequence q(t) in (2) is free of
the symbol distribution imbalance problem mentioned in the
previous section. In fact, the imbalance of symbol distributions
between at even t and odd t depends on the base sequence b(t).
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