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1. Introduction

It is well-known that a cyclic difference set with Singer parameters (2" —1,2"! — 1,
2"=2 — 1) [7,17] is equivalent to a binary sequences of period 2" — 1 with ideal
autocorrelation [4,5,14-16]. Recently, nonbinary sequences with ideal autocorrela-
tion have been investigated. Helleseth et al. [8] found ternary sequences with ideal
autocorrelation that turned out to be cyclic difference sets with Singer parameters
(3* -1)/3-1),3* "' -1)/(3-1),(3%*2-1)/(3-1)) [9,13]. Lin [12] found
a new family of ternary sequences of period 3" — 1 and conjectured that it has
the ideal autocorrelation property, when n = 2m + 1. Under this assumption, a
cyclic difference set (Lin difference set) with Singer parameters ((3"—1)/
(3-1),3'-1)/(3-1),(3"2-1)/(3 — 1)) can be obtained [9,13].

In this paper, the p-ranks and characteristic polynomials of cyclic difference sets
are derived by expanding the trace expressions of their characteristic sequences.
Using this method, it is shown that the 3-ranks and characteristic polynomials of the
Helleseth—-Kumar—Martinsen (HKM) difference set and the Lin difference set can be
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easily obtained. Also, the p-rank of a Singer difference set is reviewed and its
characteristic polynomial is calculated using our approach.

2. Preliminaries

Let D be a (v, k, /) difference set [3,10] defined as a set of k distinct residues modulo v
expressed by

D:{C1,02,C37...,Ck}. (1)

Then each non-zero residue occurs exactly / times among the k(k — 1) differences
¢ — ¢j,1 # j and thus it satisfies

Ayv=1)=k(k—1).

The complementary difference set of D is a (v,v—k,v— 2k + 1) difference set
defined as

D=Z,\D,

where Z, is the ring of integers modulo v.
Then for integers a and b, a set aD + b is defined as

aD+b={a-ci+bya~cy+byacs+b,...,ac,+ b},

where a-¢; + b is taken modulo v. For integers a and b, two (v, k, A) difference sets
D, and D, are said to be inequivalent if D, is distinct from aD, + b for any integer a
and b, 1 <a<v—1, 0<b<v—1, where a is relatively prime to v. The
characteristic sequence of a cyclic difference set D in (1) is defined as the binary
sequence

s(t) = 1, if teD,
0, if 1 ¢D,

and the characteristic sequence of its complementary difference set D is defined as

{1, if teD,
s.(1) = ) _
0, iftgD,

=1-1s(1).

The characteristic polynomial of a cyclic difference set D is defined as a least-
degree linear recursion equation over F, of the characteristic sequence s(7) of D. The
p-rank [6] of a cyclic difference set D is defined as the degree of characteristic
polynomial of the cyclic difference set D. In order to prove the inequivalence of two
cyclic difference sets, the p-rank is often used. However, it is very difficult to find the
p-ranks of cyclic difference sets.
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Let n=e-m > 1 for some positive integers e and m. Then the trace function
1t (+) is the mapping from the finite field F,» to its subfield Fy,» defined by Lidl and
Niederreiter [11]

where x is an element in Fp.
It is easy to check that the trace function satisfies the following:

i 1) (ax + by) = atr)(x) + btr) (v), for all a,be Fyn, x,y € Fy.
ii. o7 (x7") = tr' (x), for all xe Fy.
ii. ] (x) = or'(tr7 (x)), for all xe F.

Using the trace function, a p-ary m-sequence m(¢) of period p”" — 1 can be
expressed as

m(t) = ury(a), (2)

where p is a prime and « is a primitive element of Fj.

3. p-Ranks and Characteristic Polynomials of Cyclic Difference Sets

As will be given in the following theorem and lemma, the characteristic sequences of
a cyclic difference set and its complementary difference set can be expressed by using
the trace expressions and the p-rank can be calculated by counting the number of
terms in the trace expression. Moreover, by finding the minimal polynomials
corresponding to this trace expression, we can ecasily obtain the characteristic
polynomial. This method will be used to find the 3-ranks and characteristic
polynomials of the HKM and the Lin difference sets in the following sections.

Let f(¢) be a function from the finite field F,» to its subfield F},». Then we have the
following relation:

s [1 ) £,
o ={y e

Therefore, using this relation, the characteristic sequence of a cyclic difference set
is given in the following theorem.

THEOREM 1. Assume that a (v,k, A) cyclic difference set D and its complementary
difference set D are defined as

D={t|f()=0,0 <1<}, (3)
D={t|f(1)#£0,0<1< v}, (4)
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where f(t) is given as a summation of the trace function from the finite field Fy to its
subfield Fyn, that is

f(l) = Zba : tr;(am)v

ael

Jor some index set 1,b,€ F,, and a primitive elements o in Fy.
Then the characteristic sequences of the cyclic difference set D and its
complementary difference set D can be expressed as

s(t)y=1—=s:(¢), 0<t<,
and
) =F@F", 0<i<n, (5)

In order to find the p-rank of the cyclic difference set D, we have to expand the
trace expression in (5) as given in the following lemma.

LEMMA 2. Let D and D be a (v,k, 1) cyclic difference set and its complementary
difference set defined by (3) and (4), respectively. Suppose that the trace expression of
the characteristic sequence s.(t) of D can be expanded as

se(t) = [f(OF" !

pn171
- [Z by- rrma“’)]

ael

= Z CjOCjt, (6)

jeJ

where J is an index set and ¢; € F,,. Then the p-rank of the complementary difference set
D is given as |J|, which means that the degree of the characteristic polynomial of D is
|J|. Further, the p-rank of the cyclic difference set D is given as |J| + 1, if |D| = v — k is
divisible by p.

Proof. Let g(x) and g.(x) be the characteristic polynomials over F, of a cyclic
difference set D and its complementary difference set D, respectively. Since there is
the relationship between s.(¢) and s(¢) given as

s(t) =1 —s.(2),

their characteristic polynomials are related as
a(x) 1 b(x)
glx) x—-1 gx)

_ge(x) — (x— D)
CESErI
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where the polynomials a(x) and b(x) are relatively prime to g(x) and g.(x),
respectively. If [D| = v — k is divisible by p, then the number of 1’s in one period of
the characteristic sequence of the cyclic difference set D is a multiple of p.
Therefore, the polynomial expression of the characteristic sequence possesses the
factor x — 1 and this cancels the factor x — 1 in the characteristic polynomial,
which means that the characteristic polynomial g.(x) is not divisible by x — 1.
Therefore, the polynomial g.(x) — (x — 1)b(x) is relatively prime to (x —1)g.(x)
and we obtain

g(x) = (x = Dge(x), (7)

if [D| = v — k is divisible by p. Therefore, the p-rank of the cyclic difference set D is
|[J| 4+ 1, if [D| = v — k is divisible by p. |

If (6) is expressed as a summation of trace functions as

FOF ™ = >0 D car i),

k|nk>1 axeJi

where ¢, €F,,Ji’s are index sets and oy is a primitive element of Fy, the
characteristic polynomials of the cyclic difference set D and its complementary

difference set D can be expressed as in the following theorem.

THEOREM 3. If the characteristic sequence of a cyclic difference set D is expressed as

se(1) = Z Z Ca * t"'f(“Z”),

kink>1 ar€Jy

where cq € F,; and if |D| = v — A is divisible by p, then the characteristic polynomials
g(x) and g.(x) of the cyclic difference set D and its complementary difference set D are
given as follows:

g(x) = (x - 1) 'gc(x)7 (8)
e =TI TI Mat. o)

klnk>1 areJi

where M, (x) is the minimal polynomial of the element w* € F.

Note that the p-rank of D is one bigger than that of D. For the cyclic difference set
with Singer parameters ((¢" —1)/(¢—1),(¢"" = 1)/(g—1),(¢"* = 1)/(g — 1)),
where ¢ = p”, v — k = ¢"~' = p""~1 is divisible by p. Therefore, the above theorem
can be applied to find the p-ranks and characteristic polynomials of the cyclic
difference set with Singer parameters and its complementary difference set.
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4. 3-Ranks and Characteristic Polynomials of HKM Difference Sets

Recently, Helleseth et al. [8] introduced a new ternary sequence (p = 3) with ideal
autocorrelation. It turned out to be a cyclic difference set (HKM difference set) with
Singer parameters [9,13] and the p-ranks of the HKM difference set and its
complementary difference set are derived in the following theorem.

THEOREM 4. The HKM difference set with parameters ((3" — 1)/(3 — 1), (3" = 1)/
(3—-1),(32=1)/(3— 1)) is defined as

31
D= {z|tr’f(oc’) + (@) =0,0<1t< T }, (10)

where n =3k >3, d =3% -3+ 1, and o is a primitive element of Fyr. Then the
3-ranks of the HKM difference set D and its complementary difference set D are given
as 2n* —2n+ 1 and 2n* — 2n, respectively.

Proof. Let x = «'. Then we can expand the square of the trace function as

(MY 20 ST (!, for n = odd;

(n/2)—1
(x4 2 tr'f/z(x1+3(n/2>) +2- > t(x!*), for n = even.

i=1

The characteristic sequence of the cyclic difference set D is given as
[1r1(x) + i (x)]”. (11)

Using the expansion of the square of trace function, we can also expand (11) as
follows.
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(i) n=2m+ 1 (odd case)

2 2

[11(x) + 0 (x)] = [ ()] + [ (x)]
(n—1)/2

=0(x") 4 2- Z o (X3 4 o (x (D)

i=1

+2- 171 (x) - 17 (x)

(n—1)/2 )
+20 > ) 2 (i (x)
=1
(n—1)/2 )
=t(x") +2- Z o (x4 a (x D)
=1

Since
d-(3F+1)=3%+1=3%—1+2=2mod(3* - 1),
we have
o () = g (1,
Using
d+3F=3%41,
we obtain

0 () = i () = ().

Therefore,
() + D =20 30 o) 4 ) 2 D )
i=1, ik i=1,i#k
n—1 )
+20 30 o) 4 (. (12)
i=0, ik

It is easy to prove that for n > 3, all exponents belong to different cyclotomic coset
of size n. Therefore, the 3-rank of D is

m—-—1n+n+m—-n+n—1n+n=2-nn-1),

and the 3-rank of the HKM difference set D is therefore 2n* — 2n + 1.
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(i1) n = 2m (even case): Similar to the odd case, we expand
[17(x) + 1 (D] = [ ()] + [t ()] + 2+ 7 (x) - 27 ()

m—1 )
= () 2 () 20 Y ()

i=1

m—1 )
+ t,,ilz(x(l-&-l)d) +2- [rrln<x(l+3’”)d) 42 Z t,,ill(x(l+3‘)d)
i=1

Using
(143 -d=2mod (3* — 1),
we have
i () = 0 (),
and since
d+3=3%41,
we get
i (xH) = o () = (),
Adding up the same trace terms, we have

m—1
[07(x) + 0 (x)]* = 20 0 (643 i (1)
i=1,i#k
+tr111(x(1+1)d)+2.trm( (143™) d S tr d(1+3)
i=1,i#k
n—1 _
+20 3 o) (e, (13)

i=0,i£k

It can be shown that all exponents belong to different cosets of size n or m. Therefore
the 3-rank of the difference set D is

m+m—-2n+n+m+m—-2n+mn—n+n=2-n(n-1),

and from (8), the 3-rank of the HKM difference set D is therefore 2n> —2n+ 1. A
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Note: Using (12), for n =3, it can be easily derived that the 3-ranks of the
HKM difference set D and its complementary difference set D are 7 and 6,
respectively.

From (12) and (13), we can derive the characteristic polynomials of the HKM
difference set and its complementary difference set as in the following theorem.

THEOREM 5. Let D be the HKM difference set with parameters ((3" —1)/(3 — 1),
(3" —=1)/(3-1),(32~1)/(3—1)) defined in (10). Then the characteristic
polynomials of the HKM difference set D and its complementary difference set D are:

Forn=2m+1:

g(x) = (x — D)ge(x),

ge(x) = Mag(x) My 3(x) [] Misa(x)

i=1 ik
X H M (14300 (x H Mg 3i(x
i=1,i#k i=0,i#k

For n=2m:
g(x) = (x = 1)gc(x),

8e(X) = Mo (x) My 3 (x) M (143m)a (X) M 3¢ (X H M 5(x
i=1,i#k
m—1

X H M1 1304( H M3 (x

i=1,i#k i=0, i#k

Note: For n = 3, the characteristic polynomials of the HKM difference set D and
its complementary difference set D are derived as (x — 1)M4(x)Ms(x) and
M4(x)Myg(x), respectively.

5. 3-Ranks and Characteristic Polynomials of Lin Difference Sets

Lin [12] has conjectured that the family of ternary sequences c(¢) = (o) + trf (o)
has the ideal autocorrelation property, where n = 2m + 1 and d = 2-3" + 1. If this
is true, then it gives a cyclic difference set (Lin difference set) with Singer parameters
[9,13]. Under this assumption, we can derive the 3-ranks and characteristic
polynomials of the Lin difference set and its complementary difference set as in
the following theorems.
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THEOREM 6. The Lin difference set with parameters ((3" —1)/(3 —1),(3" ' = 1)/
(3—-1),(372=1)/(3—1)) is defined as

D= {t|tr7(a’) + () =0,0<1< 33 ll}, (14)

where n =2m+1>3,d=2-3"+1 and o is a primitive element of Fy. Then the
3-ranks of the Lin difference set D and its complementary difference set D are given
as 2n> — 2n + 1 and 2n* — 2n, respectively.

Proof. Let x = o. Then the characteristic sequence of the difference set D is

[0 (x) + 17 (x)] . (15)

Using the expansion of the square of the trace function in the proof of the previous
theorem, we can expand (15) as follows.

1oy + 1 ()] = [t ()] + [0 ()] 4 2+ 1 (x) - 07 (x)
= (X 420 3 () 4 o (2D
i=1
m ) n—1 )
+2- ) oI 22 Y ().
i=1 =0
Since
d+3"=2:3"41+3"=3"" 41,
we have
i (x) = (M),
and using
d+3"71=3"142-3"41,

we obtain

=
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Adding up the same trace terms, we have

[lr’l’(x)—l—lr’]’(xd)] x4 2. Ztr 143 )+ (x)
n=2 _
+2- Zn T L2 3 (). (16)
i=0,i#m

It can be shown that for n > 3, all exponents belong to different cosets of size n.
Therefore, the 3-rank of the difference set D is

n+m—-Dn+n+m-n+nn-2)=2nn-1),
and from (8), the 3-rank of the Lin difference set D is 2n> — 2n + 1. [ ]

Note: For n =3, the Lin difference set is identical to the HKM difference set.
Therefore, the 3-ranks and characteristic polynomials of the Lin difference set D and
its complementary difference set D are the same as those of the HKM difference set
and its complementary difference set.

From (16), we can derive the characteristic polynomials of the Lin difference set
and its complementary difference set as in the following theorem.

THEOREM 7. Let D be the Lin difference set with parameters ((3" —1)/(3 — 1),
(3" ' —1)/(3-1),(32~1)/(3—1)) defined in (14). Then the characteristic
polynomials of the Lin difference set D and its complementary difference set D are
given as:

g(x) = (x — 1)ge(x),

ge(x) = My (x) M 3m(x HM1+3'
i=1

m n—2

x || Magzia(x H Myi(x
i=1 i=0,i#m

6. Characteristic Polynomials of Singer Difference Sets

The p-rank of a Singer difference set is well-known [1,2,6,18]. In this section, the
p-ranks of a Singer difference set and its complementary difference set are reviewed
as given in the following theorem. Also the characteristic polynomials are obtained
by using our approach.
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THEOREM 8 [1,2,6,18].  The Singer difference set with parameters ((¢" —1)/(q — 1),
(@' =1)/(g—1),(¢"> = 1)/(q — 1)) is defined as

D= {t|tr§?‘*‘(o¢’) =0,0<1r< a4 ] },

where g = p® and o.is a primitive element of F,. Then the p-ranks of the Singer difference
set D and its complementary difference set D are given as

p+n—2 1 and p+n—2 7
n—1 n—1
respectively.

The sketchy proof of Theorem 8 is given here and it will be used to derive the
characteristic polynomials in the following theorem. Let x Szloct . Then the
characteristic sequence of the difference set D is given as [#*(x)]" .

Byusingp' —1=(p—1)p" '+ (p—1)p 2 +---+(p—Dp+(p—1), we get

]p“"+p“"2+-~+p+l

[ (0)]” ™" = [l o
s—1 p— 1 .
Z Z H(li,o,l‘ li,n—l)xu>7

(lioditseedin-1) €ly (lioditselin-1) €li—y =0 Loy

where

—_

s—1

PPy b, (17)
i=0

n—

Il
<)

J

—1
Ii:{(li,07117" znl Z ij =P — 20}7 0<i<s—1L

j=0

First, it will be shown that all ¢(/)’s are distinct mod ¢" — 1. Suppose
c(l) = ¢(I') mod ¢" — 1. The value of ¢(/) is upper-bounded by ¢" — 1, where the
equality holds if and only if /; ; = p — 1 for all i, j. Since this equality cannot happen,
¢(l) < ¢"—1 and the mod ¢" — 1 can be ignored. By comparing the coefficients /; ;
and [} ; of p"™ in the expansion of ¢(/) and ¢(/'), it is easy to show that /; ; = l; ; and
therefore, all ¢(/)’s are distinct for different /.

There are

p+n—2
n—1
cases satisfying Z?;ol li; = p — 1 and the corresponding coefficient values are in the
form
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s=1
p—1
H (li,o,l A ) # 0 mod p.

i—0 ily -

Therefore, the p-ranks of Singer difference set and its complementary difference
set are given as

p+n—2 +1 and p+n—2 ’
n—1 n—1

respectively.
From (17), we can derive the characteristic polynomials of a Singer difference set
and its complementary difference set as in the following theorem.

THEOREM 9.  The Singer difference set with parameters ((¢" — 1)/(q — 1), (¢"' = 1)/
(q—1),(¢"2=1)/(g — 1)) is defined as

ns (1 qn_l
D=tlrP(0')=0,0<1< [

where q = p* and o is a primitive element of Fyi. Then the characteristic polynomials of
Singer difference set D and its complementary difference set D are given as:

g(x) = (x = Dge(x),
gC(x) = H Mz?(l)(x)a
(el

where I is a set of all coset leaders of the cosets including the elements
S5 Z;‘:ol l; ;p"" satisfying Z;‘:()l Lij=p—10<i<s.

Proof. From the proof of the previous theorem, we get

C(Z) :pO(ZO,O + ll‘ropl + .4 lsfl,o]’571)
+ 0 Uor +bap' + -+ lap™)

+p(n71)s(10,nfl + Zl,nflpl + - 1571,1171]7371)7

where Z;’;()l l;; =p—1forall j. It is easy to show that ¢(/) - p also appears as one of
the valid ¢(/)’s and has the same coefficient value as that of ¢(/) case. Hence, the
theorem follows. |

EXAMPLE 10. Consider a Singer difference set with parameters ((3% —1)/(3% — 1),
(3*—1)/(32 = 1),(3> = 1)/(3> — 1)) = (91, 10, 1) which is defined by

— Oty < 36_1_
D = t|l12(a)—0707t<ﬁ—91 5



36 NO ET AL.

where p =3 and o is a primitive element of Fx. Using the primitive polynomial
X8 +2x+2=0, it can be shown that {0,7,19,21,57,58,63,67,80,83} forms this
Singer difference set.

We can obtain seven cosets from c(I) = lpg + l103 + l13% + 1113% + lp23* + 11237
where Z]%:o lij=2,0 <i<2. The valid values for (l;o,1;1,1;2),0 <i < 2, are among
{(2,0,0),(0,2,0),(0,0,2),(1,1,0),(1,0,1),(0,1,1)}. Therefore, the number of
possible nonzero exponents c¢(I) for i=0,1 is 6x6=236 and it is the same
value as

3+43-2Y)°
3-1 ‘
We can select one value (coset leader) from each coset and the following values
oo ho
by hy ),

lop I 2

form seven such coset leaders.

22 12 21 11 20 10 11
oo, {tol), ot ], {t1],lo2].{12],[o1]},
00 00 00 00 00 00 10

and the corresponding c(1) values are (8, 16, 32, 40, 56, 64, 112). Therefore, the
characteristic polynomials of a Singer difference set with parameters (91, 10, 1)
and its complementary difference set are given as:

g(x) = (x = 1)ge(x),
8e(X) = My (x)M6(x) M3 (x) Mo (x) Mse(x) Mea(x) M12(x),

where
My(x) =x° +x* 4+ x* + 1,

Mig(x) = x® +2x° + x* + X3+ 27 + 1,
Ma(x) =x0+ x>+ x* 20 + x4 1,
Myp(x) = XX 2t 2+ 1,
Misg(x) = x° 4+ 2x% + 2x + 2,
Mey(x) = x84+ x° + 23 + X2 4 2x + 1,
My (x) = X 4+2x+2
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