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Abstract—In this paper, given a composite integer , we propose
a method of constructing quaternary low correlation zone (LCZ)
sequences of period 2
1 from binary sequences of the same
length with ideal autocorrelation. These new sequences are optimal
with respect to the bound by Tang, Fan, and Matsufuji. The correlation distributions of these new quaternary LCZ sequences constructed from m-sequences and Gordon–Mills–Welch (GMW) sequences are derived.
Index Terms—Extended sequences, low correlation zone (LCZ)
sequences, quaternary sequences, sequences.

autocorrelation. These new sequences are optimal with respect
to the bound by Tang, Fan, and Matsufuji [16]. The correlation
distributions of these new quaternary LCZ sequences constructed from -sequences and GMW sequences are derived.
II. PRELIMINARIES
In this section, we introduce some definitions and notations.
be the finite field with
elements. The trace funcLet
tion
from
to
is defined by

I. INTRODUCTION

I

N a microcellular communication environment such as
wireless local area networks (LAN), where the cell size is
very small, transmission delay is relatively small and thus it is
possible to maintain the time delay in reverse link within a few
chips. In such a system as the quasi-synchronous code-division
multiple-access (QS-CDMA) system proposed by Gaudenzi,
Elia, and Vilola [2], multiple chip time delay among different
users is allowed, which gives more flexibility in designing the
wireless communication system.
In the design of a sequence set for QS-CDMA system, what
matters most is to have low correlation zone around the origin
rather than to minimize the overall maximum nontrivial correlation value [8]. In fact, low correlation zone (LCZ) sequences
with smaller correlation magnitude within the zone show better
performance than other well-known sequence sets with optimal
correlation property [8]. Let be a set of sequences of period
. If the magnitude of correlation function between any two
sequences in takes the values less than or equal to within
, of the offset , then is called an
the range
LCZ sequence set. Long, Zhang, and Hu [8] proposed a binary LCZ sequence set by using Gordon–Mills–Welch
(GMW) sequences [12]. For a prime , Tang and Fan [14] proposed -ary LCZ sequences by extending the alphabet size of
each sequence in Long’s work [8]. Also, they constructed -ary
LCZ sequences by using interleaved sequences [15].
In this paper, given a composite integer , we propose a
method of constructing quaternary LCZ sequences of period
from binary sequences of the same length with ideal
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where
properties.
i)

and

. The trace function has the following
, for all

,

ii)
, for all
.
It is well known that
is a binary -sequence of period
, where is a primitive element in
.
In this paper, we only deal with binary and quaternary se, which can be regarded as mappings
quences of period
to
and to the integer ring
, refrom
spectively. We use the notations and for the addition and
the subtraction in , only if we think it is necessary.
Let
and
be a mapping from
to
or . If we restrict the mapping
to
and replace
by , then we can obtain a sequence
,
of period
. Hence, for convenience, we will use the expresof period
”
sion “a binary or quaternary sequence
from
to
or .”
interchangeably with “a mapping
, the cross-correlation function between two quaFor
ternary sequences
and
is defined as

where
is a complex fourth root of unity.
be a mapping from
onto
, where
.
Let
is said to be balanced if each nonzero elThe function
ement of
appears
times and zero element
times in the list
. A function
is said
is balanced for any
to be difference-balanced if
. It is pointed out in [5] and [9] that the binary
sequence with difference-balance property has the ideal autocorrelation property necessarily and sufficiently.
It is not difficult to see that a quaternary sequence can be
decomposed into two constituent binary sequences. Let and
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be variables over , i.e., Boolean variables. Then a variable
over
can be expressed as

and
(6)
(7)
(8)

(1)
to alternatively represent
Let us use the notation
(1). Let
and
be the maps defined by

Applying the Karnaugh map,
expressed as

and

From (6)–(8), we have

are
Thus, we prove the lemma.
Corollary 2: Let

Let

,

, and

be a function from

. Then

be quaternary sequences given as
if and only if the functions
Proof: Assume that

and

where
sequence

to

. Then, the mappings
are given by

and

and

are balanced.

of the quaternary
From (5), we have
(2)
(3)
Thus,
fore, functions
manifest.

III. QUATERNARY LCZ SEQUENCES CONSTRUCTED
FROM -SEQUENCES
In this section, we construct a set of quaternary LCZ sequences using an -sequence as their constituent sequences.
The following lemma is useful in the computation of correlation of these quaternary LCZ sequences.
be a function from
to
, where
Lemma 1: Let
. We define two Boolean constituent functions of
as

and

and
. Thereare balanced. The converse is

Let
be a function from
to . We can use
as
the constituent sequence of a quaternary sequence

as

where
. Most of sequences in this paper are constructed in this manner. We can derive the cross-correlation
values between two quaternary sequences constructed from an
-sequence.
Theorem 3: Let
and
quences defined by the functions

be two quaternary se-

and their modulo- sum as
(4)
denote the number of occurrences of
Let
varies over
. Then, we have

as

where
as

. Then, their correlation values are given

(5)

where
.
Proof: It is clear that

and
and

otherwise .

or
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Proof: Let
tion function between two sequences
by

. The cross-correlaand
is given

(9)

1471

The number of which satisfies
to that of the solutions to the equation

Since
number of

for all

, the number of solutions is equal to the
satisfying
and

From (2) and (3), we have

is equal

(12)

which is obviously
derived from the difference-balance
property of the trace function. Thus, the rank of the quadratic
.
form is
From [4, Theorem 6.2 ], we have
Define

(10)

(11)
It is clear that the mapping
is balanced if and only if
.
, we have to compute
,
In order to derive
, and
from
and
.

times
(13)
times
once.
It is not difficult to derive the values of which yields nonzero
. For

because
varies over

occurs
. In a similar way, we have

times as

Case 1)
:
, we have
For

(14)
otherwise.

From the linearity and balance property of

, we have

Since
and

and
are
evaluated at
, respectively, (14) can be rewritten as
(15)

From Corollary 2, we have

otherwise
and

Next we consider the case of
. For a Boolean
function
on
, we can define a trace transform
given by

(16)
otherwise
for
.
Finally, from (10), (11), (15), and (16), we have

It is obvious that
and
in (10) and (11) are the
values of trace transform of the quadratic Boolean function

evaluated at
and
, respectively.
gives its
The rank of the quadratic Boolean function
distribution of trace transform values (see [4, Theorem 6.2]).
to compute
Now we have to examine the bilinear form of
[6]. The bilinear
the rank of the quadratic Boolean function
is given by
form of

otherwise.
Case 2)
When

:
, it is straightforward that
. For
, we have

and

(17)
otherwise
and
(18)
otherwise.
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Thus, the correlation distribution is given by

Thus,

is written as

otherwise
for

.

Theorem 3 tells us that for all but four values of , the crosstakes the value
, which moticorrelation function
vates us to construct a set of quaternary LCZ sequences as in
the following theorem.
Theorem 4: Let and be positive integers such that
and
Let be a primitive element in
Let

.
.

be the set of sequences defined by the functions
(19)
Then, the set
is a
LCZ sequence set
and has the following correlation distribution:

times
times

It is clear that
And
if
Lemma 1, we have

if
and

once for
once for
times
.
for
and
(
times):
Case 4)
. Similarly to Case 3, we have
Set
once for
once for
times
.
for
Case 5)
,
, and
(
times ):
and
. The cross-correlation function beLet
and
is given by
tween the two sequences

From Theorem 3, we have
once for
twice for
once for
times
for

for
times
for
times
for
times
for
times
for
otherwise
(20)
as

varies over
and
.
. Let
Proof: Set
consider the following five cases.
(once):
Case 1)
can be rewritten as
In this case,

. We

once for
times
for

Case 2)
Let
is given as

for
.
and
Case 3)
Set
. Then

(
times):
is given by

or

.
and
Note that
are elements in the subfield
, and thus they are of the form
for some nonzero integer . Therefore, given any pair of
sequences in the set , the correlation functions have the low
. We can derive (20) by combining the
correlation zone
above five cases.
Example 5: Let

,
. Let
. Then the following set
quences set with parameters
where

and

, and
be a primitive element in
is the quaternary LCZ se:

is given as

.
(
times):
. From Theorem 3, the correlation function
once for
once for
once for
times
for

and
otherwise.
otherwise. Using

is given as
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be a -form function from
onto
ence-balance property. For a given
be the number of
satisfying

with balance and differ, let

and

(23)

Then, we have

for any
Tang, Fan, and Matsufuji [16] derived the lower bound on the
correlation of LCZ sequences using the Welch bound [17].
Theorem 6 (Tang, Fan, and Matsufuji [16]): Let
. Then
sequence set with parameters

be an LCZ

Proof: Let
be the number of
satisfying
and
. Let
, where
and
. Because
is difference-balanced,
is balanced for any
and occurs
times as varies over
. Thus, we have

(21)

Now we can check the optimality of our quaternary LCZ sequence set
.
Corollary 7: The set
is optimal with respect to the
Tang–Fan–Matsufuji bound given in Theorem 6.
Proof: The proof is straightforward. By substituting
,
, and
in (21), we have

(24)
Since

is balanced, we have
(25)

Also, note that
(26)
Now, we have

and thus,

Since

Clearly,
bound.

is an integer, we have

is optimal with respect to the Tang–Fan–Matsufuji
(27)

IV. QUATERNARY LCZ SEQUENCES CONSTRUCTED FROM
GMW SEQUENCES AND EXTENDED SEQUENCES
are constructed
The quaternary LCZ sequences in the set
with -sequences as their constituent sequences. In this section,
we apply the same method to construct the set of quaternary
LCZ sequences from GMW sequences. It has the same correlation property and low correlation zone as those of .
Klapper [7] introduced the -form function. A -form funcon
over
is defined as a function satisfying
tion
(22)
for any

and

Lemma 8: Let , , and
. Let
and
and
primitive element in

Plugging (24)–(26) into (27), we have
(28)
From (24) and (28), we also have

. For a given
Let
ordered pair
value in the list

such that

(29)
, the
takes each

.
be positive integers such that
, where is a
. Let

exactly once as

varies over

. Therefore, we have
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which, in turn, tells us that
Now we are going to investigate the values of
from
given in Theorem 4. We have to consider the
those of
following cases.

Similarly, we have

Case 1)
,
, and
By substituting
,
and
, we can rewrite

:
, such that
and
as

(31)
Theorem 9: Let
and

and

and
GMW sequence defined by

be positive integers such that
. Let be an integer such that
. Let
be the

and

(32)
Let us define the family

Let us separate the outer summation
into the sum of two partial summations as

in (31) and (32)

of quaternary sequences defined by

(30)
. Then, has the same
where is a primitive element in
and is a
correlation distribution as that of
LCZ sequence set.
Proof: What we are going to show is that there is a
and
so that the
one-to-one correspondence between
correlation distribution of any given pair of sequences in is
. Also,
identical to that of corresponding two sequences in
we will show that the sequence
of
given in (19) is
of given in
the one that corresponds to the sequence
and
. For nonzero and , we have
(30). Let

i) For the summation over
such that
and
:
and
For a given , let
the inner summation of (31) is rewritten as

which is the cross correlation
nary sequences of period

of two quater, namely,
and

Similarly, we can see the inner summation of (32) is nothing
. From Theorem 3,
but
takes value
except for the cases of
or

and
as
varies over . Similarly,
except for the cases of
value
and

. Then

corresponds to

. Let

or
as

For

and
, define

in

also takes

such that

and

varies over .
But due to Lemma 8, we know that the number of
satisfying
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is exactly

for any
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. Thus, we have

ii) For the summation over
such that
:
In this case, it is easy to see that both of the inner summations
in (31) and (32) are the same as

or

if

No, Yang, Chung, and Song constructed extended sequences
with ideal autocorrelation property from sequences of short period with ideal autocorrelation property [11]. We use the extended sequences to construct LCZ sequence sets.

or
if

Lemma 11: Let
be a function from
to
balance and difference-balance property and
, define two quaternary sequences
as

or
if
Therefore, we have

with
. For
and

.

Case 2)
:
This is the case of the autocorrelation of binary
and GMW sequences for
.
for

-sequences
and let

. Then

Case 3)
:
This is the case of autocorrelation. From Theorem 3, we have
Case 4)
and
(or
and
):
In this case, only one quaternary sequence remains in the exponent of . It is easily checked that
.
. Therefore, is a
Consequently, we have
LCZ sequence set.
,
,
,
, and
. Let be a primitive element in
. Then
the following sequence set is the quaternary LCZ sequence set
:
with parameters

and

Proof: From (3) and (4),

can be rewritten as

Example 10: Let

where

is given as

Now, let

and

for the cases when

be the inner summation

and

, respectively, i.e.,

and

Then

can be expressed as

(33)
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The first term in (33) is computed as

Then,
is a
sequence set.
Proof: Consider two sequences in

LCZ
given by

where
and
for nonzero and . In the combetween the above
putation of the correlation function
two sequences, we have to consider the following cases.
since
is balanced.
The second term in (33) is computed as

Case 1)
Then

For

since
is difference-balanced.
Thus, we have

by

:
is given by

, with the replacement of
and also from Lemma 8,

by
and
is rewritten as

Finally, from the difference balance property, we have
times
times
times
times
as

varies over

The proof for
detailed proof.

. Therefore, we have

goes the same way and we omit the

Theorem 12 (No, Yang, Chung, and Song [11]): Let and
be positive integers such that
. Let
be the function from
to
with difference-balance property such that
. Let be an integer such that
and
. Then the sequence of period
defined by

has the ideal autocorrelation property.
Using the extended sequences in the above theorem, we can
construct LCZ sequences as in the following theorem.
Theorem 13: Let and be positive integers such that
. Let
be the function from
to
with differencebalance property such that
. Let be an integer such
and
. Let be a primitive
that
. Let be the set of
quaternary sequences
element in
defined by the functions

From Lemmas 1 and 11,

For

can be computed as

, we have

from the difference-balance property of

.
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Case 2)
:
Obviously,
function is given as

. When

, the correlation

1477

Note that the sequences
are not balanced.

,

in the above corollary
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