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Cross-Correlation Distribution of p-ary m-Sequence
of Period p4k 1 and Its Decimated Sequences by
p2k +1

2

2

Eun-Young Seo, Young-Sik Kim, Jong-Seon No, Member, IEEE, and Dong-Joon Shin, Member, IEEE
Abstract—For an odd prime p, n = 4k , and d = ((p2k + 1)=2)2 ,
there are (p2k + 1)=2 distinct decimated sequences s(dt + l), 0 
l < (p2k +1)=2, of a p-ary m-sequence s(t) of period pn 01 because
gcd(d; pn 0 1) = (p2k + 1)=2. In this paper, it is shown that the
cross-correlation function between s(t) and
s(dt + l), 0  l <
(pp2k + 1)=2, takes the values in f01; 01 0 ppn ; 01 + ppn ; 01 +
2 png and their cross-correlation distribution is also derived.
Index Terms—p-ary m-sequences, cross-correlation, cross-correlation distribution, decimation, sequences.

I. INTRODUCTION

F

OR the past decades, many families of sequences with
good cross-correlation property have been found by Gold
[1], Kasami [2], No and Kumar [3], and Jang, Kim, No, and
Helleseth [4]. Especially, to construct a family of -ary sewith good correlation property, the
quences of period
-sequence
cross-correlation distribution between a -ary
of period
and its decimated sequence
with
has been studied for many years [5]–[7].
However, the decimation factor does not have to be relatively prime to the period of -sequence to construct a family
with family size
from
of -ary sequences of period
and
. There are some research results dealing with a
decimation factor which is not relatively prime to the period
by Ness, Helleseth, and Kholosha [8], Kumar and Moreno
[9], Müller [10], and Hu et al. [11]. In [8], the cross-correlaand its dection distribution between ternary -sequence
and
with
,
imated sequences
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, has been found. Kumar
where is odd and
and Moreno [9] derived the cross-correlation values between
and
with
, where
is odd.
In this case,
is and the maximum magnitude
,
of the cross-correlation values of these sequences is
which is optimal with respect to the Welch bound [12]. Furthermore, in Theorem 4 of [10], Müller found an upper bound on
and only
the cross-correlation values between the sequence
when is even,
is
one decimated sequence
. In [11], Hu et al. generalized
not divisible by , and is
the result in [10]. Seo, Kim, No, and Shin [13] extended the results by Müller [10] to derive the cross-correlation distribution
and
,
.
of
, and
, there
For an odd prime ,
distinct decimated sequences
,
are
, of a -ary -sequence
of period
because
. In this paper, which
extends the result in [14], it is shown that the cross-correlation
and
,
, takes
function between
the values in
and their
cross-correlation distribution is also derived.
II. PRELIMINARIES AND NOTATIONS
Let be an odd prime and
ments. Then the trace function
fined as

the finite field with
elefrom
to
is de-

where
and
. The trace function satisfies the following properties:
, for all
,
1)
;
, for all
.
2)
. Then a -ary -sequence
Let be a primitive element of
of period
can be written in terms of the trace function
as
In this paper, the following notations will be used:
is an odd prime;
•
, where is a positive integer;
•
•
;
;
•
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•
is a primitive element of
;
•
;
•
;
.
•
The following properties will be frequently used in the subsequent sections:
;
•
;
•

AND ITS DECIMATED SEQUENCES BY

where

3141

is a primitive element of
and
. Then,
for
and (2) can be rewritten as

(3)

•
•

is a primitive element of
because
;
•
and
;
•
and
;
.
• For any positive integer ,
Since
, there are
distinct decimated sequences
of period
, which are defined as

Let

denote the number of solutions

of

(4)
,

From Lemma 1, (3) can be given as

(1)
It is easy to check that all decimated sequences
are
cyclically distinct. Then the cross-correlation function of
and its decimated sequence
at shift is defined as

and thus

Using

, (4) can be rewritten as

(5)
(2)
,
Then, using
(5) can be written as
is a primitive complex th root of unity,

where

,

, and

,

, and

.
and by multiplying

(6)

III. EVALUATION OF CROSS-CORRELATION VALUES
In this section, the possible cross-correlation values in (2) of
and its decimated sequence
a -ary -sequence
in (1) will be derived. The following lemma was derived by
Helleseth [6], which will be used in the subsequent theorem.
Lemma 1 [6]: Let
Then

be an odd prime and

, we have

of (6) can be obtained by conThe number of solutions
sidering (6) separately as the following two quadratic equations
:
of
is even:
(7)

an even integer.
is odd:

(8)
if
if

.

Theorem 2: The cross-correlation function between a -ary
-sequence
and its decimated sequences
,
, given in (1) takes the values in
.
Proof: Using the similar method as in the proof of The,
orem 3.8 in [6], this theorem can be proved. Let

Note that
covers all distinct elements as takes the
because the order
of is
value in
odd and the order of
is .
We will show that the total number of solutions for (7) and (8)
should be
, or .
is less than , which means that
Clearly, can be expressed as . Suppose that (7) has two
solutions,
and
. Then, it is clear that both and
are
even and by using these solutions, we obtain
(9)
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Therefore, we also have

From Lemma 1, the first summation is given as
(11)

and must be even to have two solutions for (7). Also, suppose
and
. Then, it is
that (8) has two distinct solutions,
clear that both and are odd. Similarly to the previous case,
we can derive

because

is not equal to
.
In the second summation, let

for all

,

(12)
Since should be even to have two solutions for (7) and
is odd, there are no and satisfying the above equation
and there are no two distinct solutions for (8).
Conversely, if (8) has two distinct solutions, it can be similarly shown that (7) cannot have two distinct solutions. Therecannot be and thus the possible values of
fore,
are
,
,
, and
.

, (12) reduces to

Using

which means that has to be . Then the second summation is
given as
if
, i.e.,
otherwise.

IV. DISTRIBUTION OF CROSS-CORRELATION VALUES
In order to derive the cross-correlation distribution of a -ary
-sequence
and its decimated sequences
,
,
,
, and
have to be
calculated. Thus, we will evaluate those values in the following
theorems and lemmas.

(13)
can be obtained as

Plugging (11) and (13) into (10),

if
, i.e.,
otherwise

(14)

Theorem 3:
and thus the theorem is proved.
if
otherwise.
Proof: From (2), the summation of
sented as

Theorem 4:
if
otherwise.

can be repre-

can be written as

Proof: The summation of

Clearly, the inner summation is equal to

. Thus, we have

Let

The innermost summation is given as
if
otherwise.

Since

is odd and

Let
for square and otherwise,
. Then we have
nonsquare in

, we have

, where

Thus, we have

is a
Let

(10)
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Using
defined in the proof of Theorem 3,
computed as

can be

Since
power
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is an element in
and
to both sides of (17) gives us
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, raising the

(18)
, which contradicts
From (16) and (18), we have
. Therefore, we have
and
. Thus,
including
, all the solutions of (15) are
elements
.
in

and from (14), we have

Lemma 7: Let

if
otherwise.
Using the notations
and
,
, the following lemmas and
where is a primitive element of
theorem can be derived, which will be used to find
in
Theorem 9.
Lemma 5: The
to mapping
defined
has the following properties:
on
;
1)
;
2)
where
and
.
and
, the following relations
Proof: Using
can be obtained:

vary over
. For each ,
, there exist a pair of solutions
,
satisfying
, where is a primitive
element of
and is some integer in
.
, we have
Proof: If there exists a solution for
. However, if
,
is an element
and
is not an element in
, and if
,
in
is not an element in
. Therefore, we can asfor all .
sume that
Next, suppose that for the same , we have

where
tion of and
equations as

. Then we can derive the relaby raising the power
to the above

and by using

, it can be expressed as

Lemma 6: All the solutions of
(15)

This can be simplified as

are

elements in
.
,
Proof: Clearly, for an integer
and
. It can be easily shown that if one of
and
is of the form
and the other is of the
form
, (15) cannot be satisfied. Also, if they are
and
, (15) can be rewritten as
, which is
. Thus,
impossible, because the left-hand side of it is not in
and
should be the elements of
to satisfy
both
is a solution of (15). Suppose that
(15). It is clear that
. Then (15) can be rewritten as

Therefore, from Lemma 5, for some integers
lutions of (15) should be given as

and

, the so-

Since

, we have

Therefore, for the same , and
for can satisfy
. Since can take
distinct values and
can take
distinct values, we can conclude that for
, there exist a pair of
and
for to
each
.
satisfy
Since the number of solutions for
is already obtained in Lemma 6, we will consider the case of
in the following theorem and count
the number of solutions.
Theorem 8: Let
(19)

(16)
If

where

, it can be modified as
(17)

solutions

for each
.

and
. There are
solutions for
and
, where is some integer in
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Proof: The proof is given in Section V.
Using Lemma 6 and Theorem 8, we can find
the following theorem.

as in

Theorem 9: The statement of the theorem is given in the first
expression at the bottom of the page.
Proof: We can manipulate the summation of cubic power
of the cross-correlation values as

Using (14), the second summation can be represented as the
second expression at the bottom of the page. Note that the last
. Then,
term is the compensation term for the case of
the equation can be rewritten as

Thus, we have

where
.
From Lemma 6 and Theorem 8, we know that
times
times

(20)

times
for each nonzero

The first summation in the above equation becomes

as varies over
, where
and is some
integer in
.
Thus, from (20), the summation of the cubic power of crosscorrelation values can be derived as the third expression at the
and
bottom of the page, where
.
Using Theorems 2, 3, 4, and 9, the cross-correlation distriand
can be derived as in the following
bution of
theorem.
Theorem 10: Let be an odd prime,
, and
. The cross-correlation distribution between a
-ary -sequence
and its decimated sequences
,
, is given as follows.

if
otherwise.

if
otherwise
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For
times
times
times
times
and otherwise
times
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and
p. 30, Lemma 6]. In this case, it is clear that both
are elements in
and the left-hand side of (19) is
for some integer in
. Since
equal to or
and
are squares in this case, we have to exclude
. Thus, by excluding the solutions of
,
, using Lemma 6, the number of square
which are not and
solutions of (19) in this case is

times
times
times
as

varies over
Proof: For

.
, let
times
times
times
times.

Then, we can derive the values of
,
,
, and
by
solving the following linear equations obtained from Theorems
2, 3, 4, and 9:

Case 1-2) is a square and
is a nonsquare:
First, we will show that when
is a square and
a nonsquare,
is equal to if and only if is equal
to . If
is equal to , should be equal to because
is
from Lemma 5. To prove the converse,
is not equal to zero, is not equal
we will show that if
to zero by inducing a contradiction as follows. Suppose that
,
, and
. Then we have
, which is impossible and the converse is
proved.
,
is a
Next, we will show that if satisfies
nonsquare. Note that satisfying
is a square. Since
, can be expressed as
by Lemma 5. Suppose
is a square. Then,
can be represented as
that
and we have

which can be rewritten as

For
derived.

, the cross-correlation distribution can be similarly

Remark: Using the result of Theorem 10, a new family of
-ary sequences of period
and family size
with good
correlation property can be constructed.
V. PROOF OF THEOREM 8
We will prove Theorem 8 by considering the following cases.
Case 1)
:
Case 1-1) is a square and
Case 1-2) is a square and
Case 1-3) is a nonsquare and
Case 1-4) is a nonsquare and
:
Case 2)
Case 2-1) is a square and
Case 2-2) is a square and
Case 2-3) is a nonsquare and
Case 2-4) is a nonsquare and

is a square;
is a nonsquare;
is a square;
is a nonsquare.
is a square;
is a nonsquare;
is a square;
is a nonsquare.

Case 1)
:
solutions
We will show that there are
of (19) when
by considering the following four cases.
Case 1-1) is a square and
is a square:
There are
elements such that both and
are
squares by the result for cyclotomic number of order in [20,

Raising the power
we have

to both sides of the above equation,

Since the above equation cannot be satisfied,
should be a
nonsquare.
square soIt can be easily shown that there are
of
because
should be exlutions in
cluded. Therefore, in this case, the number of square solutions
of (19) is
.
Case 1-3) is a nonsquare and
is a square:
We can easily derive the following three results using a simand
ilar method to that used in Case 1-2) by replacing by
by in Case 1-2), respectively. Note that
is a square.
i) When
is a nonsquare and
is a square,
is equal to if and only if is equal to .
, is a nonsquare.
ii) If satisfies
iii) There are
nonsquare solutions in
of
because
should be excluded.
Therefore, in this case, the number of nonsquare solutions
of (19) is
.
Case 1-4) is a nonsquare and
is a nonsquare:
is a nonsquare and
First, we will show that when
a nonsquare,
is equal to if and only
is equal to
if is equal to . It is clear that if
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, is equal to because
. To prove the converse, we
is not equal to zero, is not
will show that if
equal to by inducing a contradiction as follows. Suppose that
,
, and
. Then we have
,
, which is impossible and
the converse is proved.
Next, we will count the number of satisfying
, where both and
are nonsquares. Let
. Then, from Lemma 5, we have
, which can be rewritten as

satisfying (22), there exists only one pair
satisfying (24).
for the same
Suppose that there exists another
satisfying (24) such that
(25)
By dividing (24) by (25) and raising the power
sides, we have

to both

(21)
to both sides of the above equation,
Raising the power
, which implies
we have
. Also, we will show that
satisfying (21) takes
. Suppose
distinct value for each pair of distinct and
that for two distinct and , (21) is satisfied with the same .
, which can be rewritten
Then we have
as

It can be simplified to
. If
,
, which is impossible. Thus, there exists
for a fixed
in (24) and (22) is
only one pair of
a one-to-one mapping from to
.
, we will count
Step 2: For each ,
satisfying (22) (or (24)) and (23).
the number of pairs
Equation (23) can be rewritten as

However, the above equation cannot be satisfied because
. Since varies over
,
in this case, the number of nonsquare solutions of (19) is
.

and letting

Case 2)
:
, we will show that there are
For each
solutions of (19) by considering the following four cases.

Also, (24) can be rewritten as

is a square:
Case 2-1) is a square and
As shown in Case 1-1), there is no solution of (19).
Case 2-2) is a square and
From Lemma 5, for a square
and ,
,
there exist

, we have
(26)

which can be modified as

is a nonsquare:
making
a nonsquare,
, satisfying
(22)

Then, we have
(23)
Now, we will show that there are
solutions of (19)
for each ,
, by the following three steps.
to
• Step 1: It will be proved that the mapping from
given in (22) is one-to-one.
, it will be proved
• Step 2: For each ,
that there are
possible solutions
satisfying (22) and (23).
, it will be proved
• Step 3: For each ,
that exactly one possible solution in Step 2 cannot satisfy
(22) and (23).
Step 1: By Lemma 5, for some and , the solution of
(22) is obtained as

(27)
takes different value for each
From Step 1, we know that
in (27). From Lemma 7, we already know
possible pair
that
and
in (26) can be expressed
, we have
using the same . Thus, for the fixed and
such that the right-hand
to count the number of pairs
side of (27) becomes the element of
, which satisfies (27)
for some . Note that in (27) cannot be zero.
First, consider the case of fixed . By raising the power
to both sides of (27), we need to find the number of solutions
for

which can be modified as

(24)
By multiplying
In order to show that the mapping from to
in (22)
is one-to-one, it is enough to show that for the fixed

to both sides, it can be rewritten as
(28)
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which can be simplified as
(32)

(29)
Note that
is
and
is a nonsquare.
Thus, we have to calculate the number of , which makes
a nonsquare. Since
is not equal to , the
power in
should not be an odd integer
to make the right-hand side of (29) not
multiple of
equal to , which will be considered in Step 3.
Second, we should also consider the case of the fixed
by replacing by
in (29). Therefore, we
will consider the following two elements obtained for the fixed
and
:
for
for

Since
, there exists satisfying
. Also, suppose that
(32) for any ,
,
, also satisfies (32) for the same . Then, we have
, which is impossible. Thus, we have distinct ,
, for each ,
. It is
, there is no
clear that for the half of in
satisfying (31).
Claim 2: For each , if there exists satisfying (31), there
for some
does not exist satisfying
positive integer and vice versa.
Proof: Suppose that there exist
and
satisfying
and
,
respectively. Then, from (32), we can obtain

(30)

From
By solving this equation, we have
it is clear that if
is a nonsquare (or
is a square (or nonsquare) besquare),
is a nonsquare. Therefore, in (30), if
cause
is a nonsquare for some ,
is a square for
and vice versa. Let

For each , let
and
be the sets of and such
and
are nonsquares, rethat
and
.
spectively. Then, it is clear that
Thus, the total number of and ,
,
,
and
nonsquares
which make
. Therefore, it is proved that there are
is
possible solutions
satisfying (22) and (23) for each .
Step 3: We will show that for each
and
,
possible solutions
only one element among
obtained in Step 2 should be excluded, which corresponds to a
with odd integer
nonsquare
as mentioned in Step 2.
Suppose that the following is satisfied for some ,
, and ,
:
(31)
Since it is clear that (31) cannot be satisfied for
.
not consider

(33)
and
However, (33) is impossible because
are not elements of the form
, which can
to both sides of (33).
be proved by raising the power
Because can take twice as many values as , from Claims
1 and 2, for each pair of and
, there exists only
satisfying (31), which should be excluded
one element in
possible solutions obtained in Step 2. Thus,
from the
of (29) for
and the
the sum of the number of solutions
number of solutions of (29) for
is
.
Then, from Lemma 7 and the one-to-one mapping property beand
by Step 1, there are
sotween
of (23) for each . Thus, we can conclude that,
lutions
in this case, the number of solutions of (19) is
for
.
each ,
Case 2-3) is a nonsquare and
From Lemma 5, for a nonsquare
and ,
,
there exist

is a square:
making
a square,
, satisfying
(34)

Then, we have
(35)

, we do

In this case, the number of solutions of (19) can be obtained
similarly to the Case 2-2) as follows.

Claim 1: For each nonzero , there exists distinct
satisfying (31).
to both sides of (31)
Proof: By raising the power
for
, we have

given in (34) is
Step 1: The mapping from to
one-to-one, which can be similarly proved as for Step 1 in
Case2-2).
Step 2: (35) can be rewritten as
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Let
have

. From (34) and Lemma 5, we

is a nonsquare:
Case 2-4) is a nonsquare and
a nonsquare,
From Lemma 5, for a nonsquare making
and ,
,
, satisfying
there exist
(40)

which is modified as
Then, we have
(36)

(41)

It is clear that
. Similarly to the Step 2 in Case 2-2), for
, we have to count the number of
the fixed and
such that the right-hand side of (36) becomes an element
. Note that cannot be zero for (36). Thus, we need to
of
for
find the number of solutions

. In this case, the number of solutions of (19) can
where
be obtained similarly to the Case 2-2) as follows.
given in (40) is
Step 1: The mapping from to
one-to-one, which can be similarly proved as for the Step 1 in
Case 2-2).
. From (40) and Lemma 5,
Step 2: Let
we can derive

which can be modified as

where
. By raising the power
this equation, we have

By multiplying
have

which is modified as

to both sides and combining terms, we

(42)

(37)
Since

, (37) can be represented as
(38)

Then, we have to count the number of
which makes
a square. Similarly to the Step 2 in Case 2-2), it
can be shown that the sum of the number of ’s making
a square for
and the number of ’s making
a square for
is
.
solutions of (38), we will show
Step 3: Among
satisfying
,
that there is only one pair of
which does not satisfy (37). Assume that
. Then,
from (38), we have
(39)
Similarly to Claim 1 in Step 3 of Case 2-2), it can be easily
for each of
checked that there exists distinct
nonzero ’s. Suppose that and
satisfy (39) and also ,
, and
satisfy (39). Then, we can obtain
. By solving this equation, we
have

However, this is impossible and thus, in this case, the number
for each ,
of nonsquare solutions of (19) is
.

to both sides of

Similarly to the Step 2 in Case 2-2), it can be shown that the
making
a square for
sum of the number of
and the number of making
a square for
is
.
Step 3: Similarly to the Step 3 in Case 2-3), we can show that
solutions of (42), there exists only one
among
such that
, which cannot be a solution of (19) for each
and
. Thus, in this case, the number of
pair of
for each ,
nonsquare solutions of (19) is
.
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