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Abstract—In this paper, we analyze the sequential messagepassing decoding algorithm of low-density parity-check (LDPC)
codes by partitioning check nodes. This decoding algorithm
shows better bit error rate (BER) performance than the conventional message-passing decoding algorithm, especially for the
small number of iterations. Analytical results indicate that as the
number of partitioned subsets of check nodes increases, the BER
performance is improved. We also derive the recursive equations
for mean values of messages at check and variable nodes by
using density evolution with a Gaussian approximation. From
these equations, the mean values are obtained at each iteration
of the sequential decoding algorithm and the corresponding BER
values are calculated. They show that the sequential decoding
algorithm converges faster than the conventional one. Finally,
the analytical results are confirmed by the simulation results.
Index Terms—Density evolution, flooding schedule, low-density
parity-check (LDPC) codes, message-passing decoding, sequential
decoding.

I

I. I NTRODUCTION

N 1996, low-density parity-check (LDPC) codes, originally
invented by Gallager [1], were rediscovered by MacKay
and Neal [2]. Since then, LDPC codes have been the main
research topic in the coding area because they show the
capacity-approaching performance with feasible complexity
[3], [4]. Compared with turbo codes, they have lower decoding
complexity due to the message-passing decoding based on the
sum-product algorithm [5], but slower decoding convergence
speed.
An LDPC code can be defined by a very sparse parity-check
matrix which contains mostly 0’s and a few 1’s. The sparseness
of the parity-check matrix gives low decoding complexity and
better decoding performance. LDPC codes can be classified
into two classes according to the degrees of variable nodes and
check nodes. If the degrees of variable nodes and check nodes
of an LDPC code are dv and dc , respectively, it is called a
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(dv , dc ) regular LDPC code. Otherwise, it is called an irregular
LDPC code.
Recently, there have been a lot of efforts on implementing
LDPC decoder efficiently. In general, hardware implementation of LDPC decoder uses parallel processing. However, if the
decoder cannot be implemented in the fully parallel processing
mode, sequential decoding approach has to be taken.
An efficient sequential decoding algorithm and its hardware implementation are introduced in [6], where messages
between each variable node and its neighbors are sequentially
updated. A novel shuffled iterative decoding by partitioning
variable nodes is introduced in [7]. This scheme has the same
computational complexity as the iterative decoding based on
flooding schedule and by simulation it is shown to converge
faster. Similarly, a message-passing decoding algorithm which
is sequentially performed on each variable node is introduced
in [8] and the fast convergence of this algorithm is also
verified by simulation. In [9]–[11], turbo product codes/singleparity check (TPC/SPC) codes are investigated, in which the
message-passing decoding is performed by partitioning check
nodes into two groups. Note that, in this paper, the sequential
message-passing decoding algorithm based on various check
node partitioning schemes is analyzed.
In [12] and [13], various new schedules have been proposed, in which the messages are exchanged at each iteration
according to the parameters of the Tanner graph [14] such
as the girths and the closed walks of the nodes. They are
categorized as node based versus edge based, unidirectional
versus bidirectional, and deterministic versus probabilistic,
and the performance/complexity tradeoff is studied through
simulation. Reliability-based schedule is also proposed, which
performs the message-passing decoding using the reliability
of each bit node instead of graph parameters [15]. In [16]
and [17], new serial LDPC decoding algorithms which can be
considered as the decoding using check node partitioning are
introduced. They are especially suitable for hardware implementation. Also, by simulation, they are shown to converge
faster than the iterative decoding based on flooding schedule.
In the conventional fully parallel message-passing decoding algorithm, many iterations (50 or more) are required
to achieve the desired performance, which results in high
decoding complexity. To reduce the number of iterations (or
decoding complexity), the decoding should converge faster.
The sequential message-passing decoding algorithms based on
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variable node partitioning as in [7] and [8] or check node
partitioning as in [16]–[18] converge faster than the fully
parallel message-passing decoding algorithm and have the
similar computational complexity.
Through the simulation, we can see that for some cases the
decoding using check node partitioning converges faster than
the decoding using variable node partitioning. However, in
many cases, the difference seems negligible and it is generally
accepted that both schemes have the similar convergence
speed, which is confirmed through many simulations. In this
paper, we will only consider partitioning of check nodes,
analyze the sequential message-passing decoding algorithms
based on various check node partitioning schemes, and suggest
good partitioning schemes.
The sequential message-passing decoding algorithm can
be briefly explained as follows. First, the check nodes are
partitioned into p subsets appropriately. Then, this LDPC code
can be described by the interconnected p subgraphs, each of
which consists of the corresponding subset of check nodes and
the connected variable nodes. The decoding can be performed
by applying the message-passing decoding algorithm to each
subgraph sequentially, that makes one iteration. In one iteration, the computational complexity of the sequential decoding
algorithm is the same as that of the fully parallel decoding
algorithm. If more efficient message update at variable nodes
is used for the fully parallel message-passing decoding, the
computational complexity of the sequential decoding might
be a little bit higher but this additional complexity is not
substantial. One drawback is that the decoding delay per
iteration becomes larger than that of the fully parallel decoding
as p increases. However, it is suitable when the fully parallel
decoding is not feasible.
This paper is organized as follows. In Section II, the
conventional message-passing decoding algorithm is reviewed
and the sequential message-passing decoding algorithm is
introduced. In Section III, the means of messages and the
corresponding bit error rate (BER) values for uniformly at
random partitioning and bimodal partitioning at each iteration
are derived by applying density evolution with a Gaussian
approximation. In Section IV, two types of known LDPC
codes suitable for the sequential message-passing decoding
are described. Simulation results and conclusions are given in
Sections V and VI, respectively.
II. A S EQUENTIAL M ESSAGE -PASSING D ECODING
A LGORITHM BY PARTITIONING C HECK N ODES
In this section, the conventional message-passing decoding
algorithm [3] using flooding schedule for (dv , dc ) regular
LDPC codes will be reviewed and a sequential messagepassing decoding algorithm by partitioning check nodes will
be introduced. Each check node (or each variable node)
receives messages from its dc neighbors (or its dv neighbors
and its channel output), processes the messages, and passes
the updated messages back to its neighbors. Each output
message of a check node (or a variable node) is a function
of all incoming messages to the node except for the incoming
message on the edge where the output message will be sent.
Let v and u be messages in the log-likelihood ratio (LLR)
form from variable node to check node and vice versa,
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(a)

(b)

Fig. 1. One iteration in the sequential decoding of a (2, 4) regular LDPC
code with length 8 and p = 2. (a) Message-passing for the first check node
subset. (b) Message-passing for the second check node subset.

respectively. Then v can be updated by summing all incoming
messages as
v=

d
v −1

ui

(1)

i=0

where u0 is the received value from the channel at the variable
node and ui , i = 1, · · · , dv − 1, are the incoming messages
from the neighbors except for the check node that receives the
updated message v.
At the check node, the output message u can be updated
under ‘tanh rule’ as
tanh

d
c −1
vj
u
=
tanh
2
2
j=1

(2)

where vj , j = 1, · · · , dc − 1, are the incoming messages from
the neighbors except for the variable node that receives the
updated message u.
Each iteration in the conventional message-passing decoding algorithm consists of two steps. The first step is to
calculate messages at all variable nodes and send them to
check nodes and the second step is to calculate messages at
all check nodes and send them to variable nodes. At each step,
all the operations are performed simultaneously.
In the sequential message-passing decoding algorithm, we
assume that the check nodes are partitioned into p subsets.
The messages from variable nodes to the check nodes in
the first subset are updated and then the messages from the
check nodes in the first subset to their neighbors are updated
and sent. This decoding procedure is sequentially applied to
the remaining p − 1 subsets of check nodes. One iteration
in the sequential decoding algorithm includes all the above
sequential message updating and passing for all variable nodes
and all subsets of check nodes. Thus, it is clear that the
amount of computations for one iteration in the sequential
decoding algorithm is the same as that for one iteration in the
conventional decoding algorithm if the update rule in (1) is
performed for each message at variable node.
Fig. 1 shows the sequential decoding procedure for a (2, 4)
regular LDPC code of length 8 when p = 2. Circle and square
stand for variable node and check node, respectively. The
messages received from the channel are represented by the
arrows at the top of the circles. In Fig. 1 (b), the messages
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from variable nodes to the check nodes in the second subset
are updated by using the messages from the check nodes in the
first subset, which were already updated as in Fig. 1 (a). In the
conventional message-passing decoding algorithm, messages
of all variable and check nodes at the l-th iteration are updated
by using the (l − 1)-st updated messages and passed to their
neighbors. Let Si , 1 ≤ i ≤ p, be the i-th subset of check
nodes. During the l-th iteration in the sequential decoding
algorithm, the l-th updated messages from S1 , S2 , · · · , Si−1
and the (l−1)-st updated messages from the remaining subsets
are used for the l-th message updating between the variable
nodes and the check nodes in Si . Thus, in the sequential
decoding algorithm, the messages are effectively updated up
to p times at each iteration without increasing computational
complexity. This is the reason why the sequential decoding
algorithm gives faster convergence speed.
From now on, we assume that all subsets of check nodes
are as equal sized as possible because it has the following
advantages. Compared with other partitioning cases, the least
powerful processor can be used for the equal-sized partitioning
because the processor should be able to process the messages
from and to the biggest subset simultaneously. Also, the equalsized partitioning shows the best performance, which can be
verified through simulations.
III. A NALYSIS BY D ENSITY E VOLUTION WITH A
G AUSSIAN A PPROXIMATION
Density evolution with a Gaussian approximation is based
on approximating the probability densities of messages as
Gaussian or Gaussian mixture [19]. Since this method is
easier to analyze and computationally faster than the density
evolution, it is useful for investigating the behavior of the
message-passing decoding algorithm. In this section, we will
only consider (dv , dc ) regular LDPC codes. For irregular
LDPC codes, the similar analysis can be used.
Density evolution with a Gaussian approximation for the
conventional message-passing decoding algorithm can be explained as follows. Let mu and mv be the means of u and
v, respectively. By taking the expectation at both sides of (1),
we have
(l−1)
.
m(l)
v = mu0 + (dv − 1)mu

(3)

By combining (3), (4), and (5), the recursive equation for
mu can be derived as
dc −1 

(l)
−1
(l−1)
mu =φ
1 − 1 − φ(mu0 + (dv − 1)mu )
. (6)
In the next subsections, density evolution analysis will be
performed for two partitioning schemes, uniformly at random
partitioning and bimodal partitioning. The former one assumes
distributing check nodes equally probably among subsets but
the latter one assumes some constraints for distributing check
nodes among subsets, which may not be feasible for some
cases. By considering these two rather extreme schemes, we
can have an idea about how to partition the check nodes.
A. Density Evolution Analysis with Gaussian Approximation
for Uniformly at Random Partitioning
Suppose that all check nodes are partitioned into p subsets.
We assume that each check node is placed among p subsets
with probability 1/p, which is called uniformly at random
partitioning. Then, the sequential message-passing decoding
algorithm can be analyzed as follows. Let Sj , 1 ≤ j ≤ p, be
the j-th subset of check nodes and uSj be a message from a
check node in Sj to a variable node. Let (a1 , a2 , · · · , ap ) denote the distribution of edges from a variable node to p subsets,
from a variable
where aj is the number of edges connected
p
node to the check nodes in Sj and
a
j=1 j = dv . Then,
the number of distinct edge distributions (a1 , a2 , · · · , ap ) for
connections from a variable node to p subsets is the repeated
combination p Hdv = (dv + p − 1)!/dv !(p − 1)!, where x!
denotes x × (x − 1) × · · · × 2 × 1. When e edges from a
variable node are connected to Sj , the number of distinct
edge distributions for connections from this variable node to
p subsets is p−1 Hdv −e .
For a given distribution (a1 , a2 , · · · , ap ) with ai = 0, the
mean of message from a variable node to the subset Si in
the conventional message-passing decoding algorithm can be
expressed as
mu0 + (ai − 1)m(l−1)
uSi +


(l)

E tanh

u
2




(l) dc −1

= E tanh

v
2

mu0 + (ai − 1)m(l−1)
+
uS

i−1





(u−m )2
1
u − 4muu
where E tanh u2 = √4πm
tanh
e
du.
2
R
u
Let φ(x) be the function defined as
⎧
⎪
⎪
⎨1 −
φ(x) = 1,
⎪
⎪
⎩0,

√1
4πx


R

tanh

u
2e

2
− (u−x)
4x

du, if x > 0
(5)
if x = 0
if x = ∞.

aj m(l)
uS +

p


j

j=1

(4)

aj m(l−1)
uSj .

Since the message-passing decoding is sequentially performed from S1 to Sp , the above equation should be modified
as

i



p

j=1
j=i

(l)

The updated mean mu at the l-th iteration can be calculated
by taking the expectation at both sides of (2), i.e.,
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aj m(l−1)
. (7)
uS
j

j=i+1

For the messages from a variable node to the subset Si , it
is assumed that ai can vary from 1 to dv . Since the uniformly
at random partitioning is assumed, the probability that the
message with mean value in (7) is passed to the subset Si
can be derived as
1
(dv − 1)!
×
.
a1 !a2 ! · · · ai−1 !(ai − 1)!ai+1 ! · · · ap ! pdv −1

(8)

Using (6), (7), and (8), the recursive equation for the mean
of message from the check node in Si to the variable node
can be expressed as

1028

IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 56, NO. 7, JULY 2008

⎛

⎡


⎢
−1⎜
m(l)
uS = φ ⎝1− ⎣1 −
i

(a1 ,··· ,ap
ai =0

⎛

(dv − 1)!
a1 !a2 ! · · · (ai − 1)! · · · ap !pdv −1
)

×φ ⎝mu0 + (ai − 1)m(l−1)
uSi +

i−1


aj m(l)
uSj

j=1

⎞⎤dc −1 ⎞
p

⎟
⎠⎦
+
aj m(l−1)
⎠.
uSj

(9)

j=i+1

By using the updated message in (9), we can derive the
BER of a variable node. Also, the probability density function
(pdf) f (x) of the LLR message at a variable node, which is
the combined value of intrinsic and extrinsic information, can
be expressed as the following Gaussian mixture

(l)
fv(l) (x) =
p(a1 ,··· ,ap ) f(a1 ,··· ,ap ) (x)
(a1 ,··· ,ap )

(l)

where p(a1 ,··· ,ap ) = dv !/(a1 !a2 ! · · · ap !pdv ) and f(a1 ,··· ,ap ) (x)
(l)

is the Gaussian pdf with mean m(a1 ,··· ,ap ) = mu0 +
2

p

(l)
(l)
(l)
aj muSj and variance σ(a1 ,··· ,ap ) = 2m(a1 ,··· ,ap ) from

j=1

the symmetric condition [3].
Since we assume that all-zero codeword is transmitted, the
BER of codeword bits can be expressed as
⎛

⎞
(l)
E
(a ,··· ,ap ) ⎟
⎜
Pe = Pr(x < 0) =
p(a1 ,··· ,ap ) Q ⎝! (l) 1
⎠
(σ(a1 ,··· ,ap ) )2
(a1 ,··· ,ap )


(10)
(l)
where E(a1 ,··· ,ap ) is the squared mean of the message at a variable node with the edge distribution (a1 , a2 , · · · , ap ) for the l(l)
th iteration, σ(a1 ,··· ,ap ) is the standard deviation of the message
 2
∞
at the l-th iteration, and Q(x) = √12π x exp − u2 du.
2
2


(l)
(l)
(l)
and σ(a1 ,··· ,ap )
=
Since E(a1 ,··· ,ap ) = m(a1 ,··· ,ap )
"

(l)
(l)
(l)
E(a1 ,··· ,ap ) /(σ(a1 ,··· ,ap ) )2 =
2m(a1 ,··· ,ap ) , we have Q
"

(l)
Q
m(a1 ,··· ,ap ) /2 . Thus, the BER in (10) can be rewritten
as

Pe =


(a1 ,··· ,ap )

⎛#
⎜
p(a1 ,··· ,ap ) Q ⎝

(l)

⎞

m(a1 ,··· ,ap ) ⎟
⎠.
2

the number of check nodes connected to a variable node is
divisible by the number of subsets, then each subset contains
the same number of check nodes. The bimodal partitioning
will be analyzed by considering the following two cases,
p < dv and p ≥ dv .
1) p < dv : Suppose dv = bp+r, where b is a positive integer and 0 ≤ r ≤ p − 1. Then b edges from a variable node are
connected to each subset and the edge distributions for connections from a variable node to p subsets are determined by
the connections of the remaining r edges. Hence, the number
of distinct edge distributions (a1 , a2 , · · · , ap ) for connections
from a variable node to p subsets is p Cr = p!/r!(p − r)! and
b or b + 1 edges from a variable node are connected to each
subset. When b edges from a variable node are connected to
Si , the number of distinct edge distributions for connections
between this variable node and p subsets is p−1 Cr . When
b + 1 edges from a variable node are connected to Sj , the
number of distinct edge distributions for connections between
this variable node and p subsets is p−1 Cr−1 . Then, for a given
(a1 , a2 , · · · , ap ) where aj is b or b + 1, the mean of message
(l)
mvSi from a variable node to the subset Si can be expressed
as
p
i−1


(l−1)
(l)
=
m
+
(a
−
1)m
+
a
m
+
aj m(l−1)
m(l)
u0
i
j uSj
vSi
uSi
uSj
j=1

(11)
and the probability that the message with the mean value in
(11) is passed to the subset Si can be derived as


ai
Pr m(l)
.
(12)
vSi =
b ×p−1 Cr + (b + 1) ×p−1 Cr−1
Using (6), (11), and (12), the recursive equation for the mean
of message from the check node in the subset Si to the variable
node can be expressed as
⎛

⎡

−1⎝
m(l)
1 −⎣1 −
uS = φ
i

⎛



We consider the case that check nodes connected to a variable node are distributed among all subsets, S1 , S2 , · · · , Sp , as
evenly as possible. Then, among the check nodes connected to
a variable node, the number of check nodes contained in each
subset should be one of two consecutive numbers. Therefore,
this scheme is called the bimodal partitioning. Note that if

ai
b ×p−1 Cr + (b + 1) ×p−1 Cr−1

(a1 ,··· ,ap )

×φ ⎝mu0 + (ai − 1)m(l−1)
+
uS

i−1


i

+

⎞⎤dc −1

p


aj m(l)
uS

j

j=1

⎞

⎟
⎠.

⎠⎦
aj mu(l−1)
Sj

j=i+1

Since there are p Cr distinct edge distributions for the
connections from a variable node to p subsets, the pdf f (x) of
message at a variable node can be expressed as the following
Gaussian mixture
fv (x) =

B. Density Evolution Analysis with Gaussian Approximation
for Bimodal Partitioning

j=i+1

p Cr


k=1

pk fm(l) (x)
k

where pk = 1/p Cr and fm(l) (x) is the Gaussian pdf with
k
p

(l)
(l)
(l)
mean mk = mu0 +
aj muSj and variance 2mk . Then,
j=1

the BER of codeword bits can be written as
⎞
⎛#
p Cr
(l)
1  ⎝ mk ⎠
.
Pe = Pr (x < 0) =
Q
2
p Cr
k=1
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2) p ≥ dv : In this case, the number of distinct edge
distributions for connections from a variable node to p subsets
becomes p Cdv . Assume that one edge from a variable node is
connected to the subset Si . Then, the number of distinct edge
distributions is p−1 Cdv −1 . Then, for the given (a1 , a2 , · · · , ap )
where aj is zero or one, the mean of message from a variable
node to the subset Si can be expressed as
mu0 +

i−1


aj m(l)
uSj

+

j=1

p


aj m(l−1)
uSj .

(13)

j=i+1

The probability that the message with the mean value in (13)
is passed to the subset Si becomes 1/p−1 Cdv −1 .
The recursive equation for the mean of message from the
check node in Si to the variable node can be expressed as
⎛
⎡

1
−1 ⎝
1 − ⎣1 −
φ (mu0
m(l)
uSi = φ
p−1 Cdv −1
(a1 ,··· ,ap )
⎞⎤dc −1 ⎞
p
i−1


⎟
⎠⎦
+
aj m(l)
aj m(l−1)
⎠.
uSj +
uSj
j=1

j=i+1

Since there are p Cdv distinct edge distributions for the connections from a variable node to p subsets, the pdf f (x) of
message at a variable node can be expressed as
p Cdv

fv (x) =



k=1

pk fm(l) (x)
k

where pk = 1/p Cdv and fm(l) (x) is the Gaussian pdf with
k
p

(l)
(l)
(l)
mean mk = mu0 +
aj muSj and variance 2mk . Then,
j=1

the BER of codeword bits can be derived as
⎞
⎛#
p Cd
(l)
1 v ⎝ mk ⎠
.
Q
Pe = Pr (x < 0) =
2
p Cd v
k=1

C. Threshold and BER
In this subsection, we will compare the threshold values of
LDPC codes when flooding schedule, uniformly at random
partitioning, and bimodal partitioning are used. We also compare the BER performances of them.
1) Threshold: We calculated the threshold values of various
regular LDPC codes when flooding schedule, uniformly at
random partitioning, and bimodal partitioning are used. Since
these threshold values for three schedules are identical, we
can conclude that the threshold is the same regardless of the
schedule, as expected. For example, the threshold value of (3,
6) regular LDPC code for three schedules is 0.87476. Note
that the threshold values we have obtained are the same as
those in [22].
2) BER: By using the results in the previous subsections, the BER curves for the cases of p = 2, 3, and 4
are obtained and compared. Equation (5) can be simplified
0.86
as φ(x) ≈ e−0.4527x +0.0218 [19]. We consider binary
phase shift keying (BPSK) modulation and the additive white
Gaussian noise (AWGN) channels with the standard deviation

Fig. 2. Analytical BER of (3, 6) regular LDPC code using various schedules
in the AWGN channel with σ = 0.81 and 0.85.

values 0.81 and 0.85 which are less than the threshold value
0.87476 of (3, 6) regular LDPC code.
Fig. 2 shows the analytical BER of (3, 6) regular LDPC
code for the uniformly at random partitioning and bimodal
partitioning with p = 2, 3, and 4, where R and B stand for
the uniformly at random partitioning and bimodal partitioning,
respectively. It is shown in Fig. 2 that BER performance of
the sequential decoding algorithm is better than that of the
conventional decoding (p = 1) and the sequential decoding
algorithm with bimodal partitioning is superior to that with
the uniformly at random partitioning. The bimodal partitioning
seems to make more effective message update in one iteration
than the uniformly at random partitioning does because edges
of all variable nodes in the bimodal partitioning are connected
to the subsets as evenly as possible and the message update
for each subset utilizes the similar number of messages from
variable nodes.
It is also shown that as the number p of subsets increases,
the sequential decoding converges faster. However, the gain
in the convergence speed becomes negligible for p ≥ 4. This
can be explained that since the (maximum) degree of variable
nodes is 3, even if p goes beyond 3, the overall bimodal
partitioning has the similar structure as the case of p = 3
and therefore the performance becomes similar. For example,
if dv is 4, then the performance will substantially improve up
to p = 4. The similar trends as those of the regular codes have
also been observed for the tested irregular codes of the same
code rate and length.
IV. LDPC C ODES S UITABLE FOR THE S EQUENTIAL
D ECODING WITH B IMODAL PARTITIONING
The sequential message-passing decoding algorithm can be
applied to any code which can be represented by Tanner
graph by using uniformly at random partitioning, bimodal
partitioning, or some partitioning between them. Especially,
the sequential decoding using bimodal partitioning can be
efficiently applied to the following types of LDPC codes.
The (J, L) regular quasi-cyclic (QC) LDPC codes have
the parity-check matrix constructed from q × q circulant
permutation matrices [20]. This parity-check matrix can be
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used to construct regular LDPC code of length n = Lq. Let
I(qj,l ) be the q×q circulant permutation matrix with ‘1’ at the
column (r + qj,l ) mod q for the row r, 0 ≤ r ≤ q − 1, and
‘0’, elsewhere. Then the parity-check matrix H of a (J, L)
QC LDPC code can be represented as
⎤
⎡
I(0)
I(0)
···
I(0)
⎢I(0)
I(q1,1 )
···
I(q1,L−1 ) ⎥
⎥
⎢
H =⎢ .
⎥.
..
.
⎦
⎣ .
···
.
···

2
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6
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Number of Iterations

Fig. 3. Simulated BER performance of (3, 6) regular LDPC code with length
100008 and rate 1/2 (threshold = 1.162 dB).
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p=3 R (A)
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p=2 B (A)
p=3 B (A)
p=4 B (A)
p=1 (S)
p=2 R (S)
p=3 R (S)
p=4 R (S)
p=2 B (S)
p=3 B (S)
p=4 B (S)

I(qJ−1,L−1 )

For the above (J, L) QC LDPC code, we can perform the
bimodal partitioning by dividing the Jq rows (or the check
nodes) of H into p subsets such that each of them contains
the Jq/p or Jq/p+1 consecutive rows where x is the
biggest integer which is less than or equal to x. For the cases
of p = 2, p|J, or J|p, it is obvious that edges from variable
nodes are evenly distributed over p subsets, i.e., satisfying the
bimodal partitioning.
A protograph was introduced in [21], which can be any
Tanner graph, typically one with a relatively small number
of nodes. By using the protograph approach, we can easily
construct LDPC codes such that check nodes can be easily
partitioned to satisfy bimodal partitioning. If we want to
construct an LDPC code of which the check nodes can be
evenly partitioned into p subsets, a protograph with p check
nodes can be used.
For the protograph, parallel edges are permitted and the
numbers of variable nodes and edges are determined according
to the code rate and degree distribution of the desired LDPC
code. Then, by copying this protograph w times, we have
the overall graph with w disconnected subgraphs, where the
code length of the desired LDPC code is wpdc /dv . Let Ki
be the set of all edges connected to the i-th check node
in each subgraph. The w subgraphs are interconnected by a
permutation Π = (Π1 , · · · , Πp ) on all edges, where Πi is a
permutation performed only on the edges contained in Ki .
Then the edges from any variable node are connected to the p
subsets of check nodes as evenly as possible. Such an LDPC
code keeps the features of protograph and can be efficiently

Fig. 4. Performance comparison of analytical and simulation results of
bimodal and uniformly at random partitionings of (3, 6) regular LDPC code
of length 100008 in the AWGN channel with σ = 0.81.

decoded by using the sequential decoding algorithm.
V. S IMULATION R ESULTS
Simulation is performed to compare the BER performance
of sequential decoding algorithm with uniformly at random
partitioning and bimodal partitioning for the various numbers
of subsets and iterations. For the simulation, a (3, 6) regular
LDPC code of length 100008 and rate 1/2 is constructed to
have girth 6, and BPSK modulation and AWGN channel are
assumed.
Fig. 3 shows that the BER performance of the sequential
decoding algorithm is better than that of the conventional
decoding algorithm, especially for 5 and 10 iterations. Note
that R and B denote the uniformly at random partitioning and
bimodal partitioning, respectively, and I stands for the number
of iterations. Also, the BER performance of the bimodal
partitioning is better than that of the uniformly at random
partitioning for the small number of iterations. However, for 50
or more iterations, the BER improvement decreases because
three schedules have enough iteration gain. For 200 iterations,
the performances of three schedules are almost identical, that
is well matched with the fact that three schedules have the
same threshold value, and the gap between the simulated
performance and the threshold value (1.162 dB) is less than
0.1 dB, which confirms the validity of the analytical results.
Fig. 4 compares the simulation results with the analytical
results for three schedules using a (3, 6) LDPC code of length
100008 in the AWGN channel with σ = 0.81. In Fig. 4,
A and S stand for the analytical result and the simulation
result, respectively. We can see that the simulation results
are fairly well matched with the analytical results. The slight
difference may be due to the effect of the short cycles and
the confidence interval of the simulation. It is well known
that the belief propagation decoding algorithm is suboptimal
when LDPC codes have cycles and there appears an error
floor due to the short cycles. Therefore, in general, as the
number of iterations increases, the performance gap between
the analytical result and the simulation result also increases
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because of the short cycles and error floor. We observed 23346
bit errors (and 8581 codeword errors) to obtain the simulated
BER = 6.67×10−6 (and FER = 2.45×10−1) for the uniformly
at random partitioning with p = 4 subsets. For all other
simulation points, we observed more bit errors (and codeword
errors) to obtain BER values in Fig. 4. This indicates the
confidence interval which may result in the slight difference
between the analytical and simulation results. However, the
simulation results in Fig. 4 are good enough to confirm the
analytical results for the uniformly at random partitioning and
bimodal partitioning.
VI. C ONCLUSIONS
The sequential message-passing decoding algorithm with
check node partitioning outperforms the conventional decoding algorithm, especially for the small number of iterations.
This implies that the sequential algorithm improves the convergence speed without increasing the decoding complexity.
By using density evolution with a Gaussian approximation, we
investigated the reason why the sequential decoding algorithm
has faster convergence speed. Moreover, the sequential decoding algorithm can be easily applied to LDPC codes and is
useful to implement the practical decoder when the computing
power is limited.
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