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Abstract—In this paper, we derive the relationship between
the bit error probability (BEP) of maximum a posteriori
(MAP) bit detection and the bit minimum mean square error
(BMMSE). By using this result, the relationship between the
mutual information and the BEP is derived for multiple-input
multiple-output (MIMO) communication systems with the bitlinear linear-dispersion (BLLD) codes for the Gaussian channel.
From the relationship, the lower and upper bounds on the mutual
information can be derived.
Index Terms—Bit error probability (BEP), bit-linear lineardispersion (BLLD) codes, maximum a posteriori (MAP) bit
detection, minimum mean square error (MMSE), multiple-input
multiple-output (MIMO), mutual information.

I. I NTRODUCTION

I

N the analysis of communication systems, the error probability and the minimum mean square error (MMSE) are
very important performance criteria. The bit error probability
(BEP) of the multiple-input multiple-output (MIMO) communication systems has been extensively studied and many results
have been obtained. The mutual information can also be used
for measuring the performance of communication systems and
is widely studied [1]–[4]. Recently, Guo, Shamai, and Verdú
[5] derived an interesting relationship between the mutual
information and the MMSE for the Gaussian channel. Lozano,
Tulino, and Verdú [6] obtained an approximation form of the
mutual information for the single-input single-output (SISO)
system with binary phase shift keying (BPSK) and quadrature
phase shift keying (QPSK) in high signal to noise ratio (SNR)
region. Since the relationship between the mutual information
and the BEP for MIMO systems has not been found, we derive
this relationship for some linear dispersion codes.
In this paper, we consider the maximum a posteriori (MAP)
bit detection for MIMO systems and use BEP to denote the
BEP of MAP bit detection and bit MMSE (BMMSE) to denote
the MMSE in estimating an information bit for any coding
and modulation schemes. Then, the relationship between the
BEP and the BMMSE is derived. Using the result in [5],
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the relationship between the mutual information and the BEP
for MIMO systems with bit-linear linear-dispersion (BLLD)
codes [7] is derived in the Gaussian channel if their dispersion
matrices satisfy a given condition. From the relationship, the
lower and upper bounds on the mutual information can be
derived by using the BEP.
The following notations will be used in this paper: capital
letter denotes matrix; underscore denotes vector; boldfaced
letter denotes random object; In denotes the n × n identity
matrix; Re(·) and Im(·) mean the real and imaginary parts
of a complex value, respectively; || · || denotes the Frobenius
norm of a matrix; E{·} is the expectation; the superscripts
(·)T , (·)∗ and (·)† denote transpose, complex conjugation, and
complex conjugate transpose, respectively; finally, vec(·) and
tr(·) represent the vectorization and trace of a matrix.
II. BEP OF MAP D ETECTION AND BMMSE
Let Lt and Lr be the numbers of transmit and receive
antennas in a MIMO communication system, respectively. Let
x = [x1 , x2 , . . . , xLb ]T be an information vector consisting
of independent binary bits xi ∈ {−1, 1} and f(x) a bijective
function corresponding to coding and modulation schemes.
We assume that the average transmitted power is ρ and the
perfect channel state information is available at the receiver.
Then, the output signal y is given as
√
y = ρHf(x) + n
(1)
where H is an Lr × Lt channel matrix with random entries
having unit power, n is an Lr × 1 column noise vector with
random entries having unit power and being independent of
x, and ρ represents the SNR.
MAP detection chooses x̃i to maximize the posterior probability mass function (PMF), i.e., x̃i = arg max P (xi = xi |y =
xi

y), i = 1, 2, . . . , Lb . Since we assume that xi is a binary
information bit, in this paper we will use MAP detection to
denote MAP bit detection. Now, we define BMMSE which is
a new performance criterion.
Definition 1: A BMMSE of x is the MMSE in estimating
a bit x for a given ρ, i.e.,
bmmse(ρ) = E{|x − x̂(y)|2 },
where x̂(y)
 is the BMMSE estimator defined as x̂(y) =

E{x|y} = x∈{−1,1} xP (x|y).
For the MIMO system defined in (1), we have
bmmse(ρ) =

c 2009 IEEE
1536-1276/09$25.00 

Authorized licensed use limited to: IEEE Xplore. Downloaded on March 8, 2009 at 21:43 from IEEE Xplore. Restrictions apply.

Lb
1 
bmmsei (ρ),
Lb i=1

IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 8, NO. 1, JANUARY 2009

91

where bmmsei (ρ) = E{|xi − x̂i (y)|2 }. Then, the relationship
between the BEP and the BMMSE for the MIMO systems can
be derived as follows.
Theorem 1: For the MIMO system defined in (1), the BEP
of MAP detection and the BMMSE of binary information
vector x have the following relationships.
1
1
bmmse(ρ) < Pb (ρ) < bmmse(ρ),
4
2

(2a)

lim Pb (ρ) =

1
lim bmmse(ρ)
2 ρ→0

(2b)

lim Pb (ρ) =

1
lim bmmse(ρ).
4 ρ→∞

(2c)

ρ→0

and
ρ→∞

Proof: Let Rji , j ∈ {−1, 1}, be the decision region of y
satisfying P (xi = j|y = y) > P (xi = −j|y = y). Then,
the BEP of xi can be written as

P (xi )P (x̃i = xi |xi )
Pbi =
xi ∈{−1,1}





=
Ri−1

p(xi = 1, y)dy +

Ri1

p(xi = −1, y)dy.

(3)

The BMMSE of xi can be derived as
bmmsei (ρ)

4p(xi = 1, y)p(xi = −1, y)
dy
=
p(xi = 1, y) + p(xi = −1, y)

p(xi = 1, y)p(xi = −1, y)
dy
=4
Ri−1 p(xi = 1, y) + p(xi = −1, y)

p(xi = 1, y)p(xi = −1, y)
dy
+4
i
p(x
i = 1, y) + p(xi = −1, y)
R
 1

p(xi = 1, y)
p(xi = −1, y)
=4
dy + 4
dy.
p(xi =1,y)
p(xi =−1,y)
i
i
R−1 1 + p(x =−1,y)
R1 1 + p(x =1,y)
i
i
(4)
i =−j,y)
i
Since 0 < p(x
p(xi =j,y) < 1 in the region Rj , j ∈ {−1, 1}, we
have the following inequality


1
p(xi = −j, y)
p(xi = −j, y)dy <
dy
p(xi =−j,y)
2 Rij
Rij 1 + p(x =j,y)
i

<
p(xi = −j, y)dy.
(5)

Rij

Using (3), (4), and (5), we have the inequality
1
1
bmmsei (ρ) < Pbi (ρ) < bmmsei (ρ),
4
2
and surely
1
1
bmmse(ρ) < Pb (ρ) < bmmse(ρ).
4
2
i =−j,y)
As ρ goes to 0, p(x
p(xi =j,y) approaches to 1 in the region
Rji and we have
lim Pbi (ρ) =

ρ→0

1
lim bmmsei (ρ)
2 ρ→0

Fig. 1. The relationship between BEP and BMMSE for the SISO system
with Gray coded 16QAM modulation.

and also, as ρ goes to infinity,
the region Rji and we have
lim Pbi (ρ) =

ρ→∞

p(xi =−j,y)
p(xi =j,y)

approaches to 0 in

1
lim bmmsei (ρ).
4 ρ→∞

Therefore, we can have (2b) and (2c).

An approximation similar to the proof of Theorem 1 was
used to derive the relationship between the mean square error
of the maximum likelihood estimator and the MMSE in [8].
√
As an example, we consider a SISO system y = ρf (x) +
n, where f (·) is a Gray coded 16QAM mapper and n is a
complex Gaussian random variable with CN (0, 1). Using the
Monte Carlo method, the BEP and the BMMSE values are
plotted in Fig. 1 which shows the relationship in Theorem 1.
III. R ELATIONSHIP B ETWEEN M UTUAL I NFORMATION
AND BEP OF MAP D ETECTION FOR BLLD C ODES
In this section, for BLLD codes, the lower and upper
bounds on the mutual information are derived using the BEP.
Especially, for the homogeneous orthogonal space time block
codes(OSTBCs) in the Rayleigh fading channel, these bounds
can be derived in closed form.
A. The Case of BLLD Codes
Let X ∈ CLt ×T and Y ∈ CLr ×T be the transmit and
receive signal matrices, respectively, where C denotes the set
of complex numbers and T denotes the number of symbol
durations. Let H ∈ CLr ×Lt be the channel matrix which
is known to the receiver only. H does not change within T
symbol durations and changes independently from block to
block. Then, the MIMO system in the Gaussian channel can
be expressed as
√
Y = ρ HX + N
(6)
where the elements of N are independent and identically
distributed (i.i.d.) circularly symmetric complex Gaussian random variables with mean zero and variance 0.5 per dimension,
i.e., N ∼ CN (0, ILrT ).
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A BLLD code C defined in [7] is given as
Lb



C= X :X=
xk Ak , xk ∈ {−1, 1}, k = 1, 2, . . . , Lb
k=1

(7)
∈ CLt ×T are dispersion matrices and
where Ak
x1 , x2 , . . . , xLb are the information bits.
Let

Re{tr(HAi A†j H † )} =

H = [vec(HA1 ), vec(HA2 ), . . . , vec(HALb )]
and x = [x1 , x2 , . . . , xLb ]T . Then, the MIMO system in (6)
using BLLD code can be rewritten as
√
y = ρ Fx + n
(8)




Re(vec(Y))
Re(vec(N))
where y =
,n=
, and F =
Im(vec(Y))
Im(vec(N))



Re(H )
. Clearly, this satisfies Theorem 1. In (8), for the
Im(H )
fixed F , the MMSE of F x is E{||F (x − x̂(y))||2 } and the
mutual information I(ρ|F = F ) of x and y is a function of
ρ. Then, the mutual information and the MMSE of F x satisfy
the following relationship for any input statistics [5]
d
I ρ F = F = E{||F (x − x̂(y))||2 } log2 e.
dρ

(9)

Using Theorem 1 and (9), 
we derive the following relationship.
b
Theorem 2: Let X = L
k=1 xk Ak be a BLLD code where
Lb denotes the number of information bits during T symbol
durations. Suppose that Ak ’s satisfy the condition
Ai A†j + Aj A†i = 0, 1 ≤ i < j ≤ Lb .

(10)

Then, for the MIMO system in (6) the relationship between
the mutual information and the BEP of MAP detection of xi
can be derived as

2 log2 e

Lb


||HAi ||2 Pbi ρ H = H <

i=1

< 4 log2 e

Lb


d
I ρH=H
dρ

||HAi ||2 Pbi ρ H = H ,

i=1

(11a)

d
I ρH=H
ρ→0 dρ
Lb

||HAi ||2 lim Pbi ρ H = H ,
= 2 log2 e

(11b)

ρ→0

d
I ρH=H
ρ→∞ dρ
Lb

=4 log2 e
||HAi ||2 lim Pbi ρ H = H .
lim

i=1

(11c)

ρ→∞

Proof: Using the previously defined F and x, the MMSE of
F x can be given as
E{F (x − x̂)2 } = E (x − x̂)T F T F (x − x̂) .
If F satisfies
F T F = diag(λ1 , λ2 , . . . , λLb )

1
tr{H(Ai A†j +Aj A†i )H † },
2
1 ≤ i < j ≤ Lb ,

from (10), F T F = diag(||HA1 ||2 , . . . , ||HALb ||2 ). Thus, the
theorem is proved.

Several examples satisfying Theorem 2 are given as follows.
Example 1 (A single transmit antenna system with BPSK
†
= 1, and for QPSK,
or QPSK):
√ For BPSK,√A = 1 and AA
†
A1 = 1/ 2, A2 = j/ 2, and A1 A2 + A2 A†1 = 0. Therefore,
the dispersion matrices satisfy the condition (10) in Theorem
2.
Example 2 (Generalized linear complex OSTBCs): The
generalized linear complex OSTBCs [9] can be written as


Lb

xi Ai , xi ∈ R, Ai ∈ CLt ×T , i = 1, 2, . . . , Lb
X:X=
i=1

and have the property


Lb
Lb
Lb


†
2
2
2
XX = diag
l1,i xi ,
l2,i xi , . . . ,
lLt ,i xi .
i=1

i=1

i=1

It is equivalent to
Ai A†i = diag(l1,i , l2,i , . . . , lLt ,i ), 1 ≤ i ≤ Lb ,

Ai A†j + Aj A†i = 0, 1 ≤ i < j ≤ Lb

where lk,i , k = 1, 2, . . . , Lt , i = 1, 2, . . . , Lb , are positive
numbers determined by the type of the code. Therefore, when
BPSK or QPSK is used, the codes become the BLLD codes
satisfying Theorem 2.
Example 3 (Pseudo OSTBCs): Pseudo OSTBC, proposed by
Jafarkhani [10], is defined as an Lt × T matrix X with entries
that are linear combinations of the indeterminate variables
sk ∈ Sk , k = 1, 2, . . . , K, and their conjugates such that
XX † = c(|s1 |2 + |s2 |2 + · · · + |sK |2 )ILt ,

lim

i=1

where λi > 0 and diag(·) denotes
Lb the diagonal matrix,
2
we have E{||F (x − x̂)||2 } =
i=1 λi E{|xi − x̂i | } =
L b
i=1 λi bmmsei (ρ|H = H). Then, we have the relationship
between the mutual information and the BEP in (11a), (11b),
and (11c). Thus, it is enough to prove that (12) holds if (10) is
satisfied. The element at the jth row and ith column of F T F
is equal to Re{tr(HAi A†j H † )}. Since

(12)

where c is a constant and Sk , k = 1, 2, . . . , K, are arbitrary
subset of C. When sk can be described as a binary signal
form, the pseudo OSTBCs satisfy Theorem 2. For example,
when s1 , s2 ∈ {−1, 1}, s3 , s4 ∈ {−j, j}, the following pseudo
OSTBC satisfies Theorem 2.
⎡
⎤
s1 −s∗2 −s∗3 s4
⎢ s2 s∗1 −s∗4 −s3 ⎥
⎥
X =⎢
⎣ s3 −s∗4 s∗1 −s2 ⎦ .
s4 s∗3
s∗2
s1
To confirm Theorem 2, we compare the derivative of the
mutual information and our bounds for Alamouti space-time
code [11] with QPSK. We assume N ∼ CN (0, ILrT ) and then
for the fixed H = H, Fig. 2 shows that the inequalities in (11a)
are satisfied and the lower and upper bounds are quite tight
(within 0.3 dB) in the high SNR region.

Authorized licensed use limited to: IEEE Xplore. Downloaded on March 8, 2009 at 21:43 from IEEE Xplore. Restrictions apply.

IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 8, NO. 1, JANUARY 2009

Fig. 2. The relationship between the mutual information and BEP for the
Alamouti space-time code with QPSK modulation.

Integrating the terms in (11a) with respect to ρ, we obtain
2 log2 e

Lb


||HAi ||2



i=1

< 4 log2 e

ρ

0

Lb

i=1


0

ρ

Pbi γ H = H dγ. (13)

Theorem 2 can be applied not only to the fixed H but also to
the random H in (13) by taking the expectation as given in
the following corollary.
Corollary 1: The average mutual information of X and Y
of the MIMO system in (6) with the BLLD codes satisfying
(10) has the following lower and upper bounds

Lb


E ||HAi ||2
2 log2 e

0

i=1

ρ

Pbi γ H dγ


Lb


2
< 4 log2 e
E ||HAi ||
i=1

0

ρ


< I(ρ)


Pbi γ H dγ . (14)


B. Calculation of Mutual Information for Homogeneous OSTBCs
In this subsection, we will simplify the bounds in (14)
when the homogeneous OSTBCs defined in [12] are used with
BPSK or QPSK in the Rayleigh fading channel.
The homogeneous OSTBCs satisfy the conditions
Ai A†i =cILt , 1 ≤ i ≤ Lb ,

Ai A†j + Aj A†i =0, 1 ≤ i < j ≤ Lb .

(15)

Thus, we can use (14) to find the bounds on the mutual
information. We assume that the information bits xj ∈
{−1, 1}, j = 1, 2, . . . , Lb , are equiprobable. From (15), we
have
F T F = c tr(HH † )ILb = cH2 ILb

Fig. 3. Comparison of the bounds in (17), the approximation using (18),
and the capacity for the Alamouti space-time code with QPSK modulation.

as in the proof of Theorem 2, and
1
F Ty
x̌ = √ (F T F )−1 F T y = √
ρ
c ρH2

Pbi γ H = H dγ < I ρ H = H

||HAi ||2

93

1
with x̌ ∼ N (x, 2c||H||
2 ρ ILb ). Then, each information bit can
be detected separately
and thus the BEP for the fixed H is

equal to Q( 2c||H||2 ρ). Hence we obtain the lower and
upper bounds on the mutual information in (14) as
 ρ 


Q 2cH2 γ dγ < I(ρ)
2Lb log2 e E cH2
0
 ρ 


< 4Lb log2 e E cH2
Q 2cH2 γ dγ . (16)
0

Using the result in [13], we can transform the expectation
value in (16) as




 ρ  π/2
1
cH2 γ
E cH2
exp −
dθdγ
sin2 θ
0 π 0


 ρ  π/2 
cH2 γ
c
E H2 exp −
=
dθdγ.
π 0 0
sin2 θ

2
2
Let p = H2 =
i,j hi,j  and s = −cγ/sin θ, where
hij ∼ CN (0, 1). Then, the probability density function of
y = hi,j 2 is p(y = y) = e−y , y > 0, and
∂
E{exp(sp)}
∂s
= Lt Lr (1 − s)−Lt Lr −1 .

E{p exp(sp)} =

Then, the lower and upper bounds on the mutual information
in (14) are derived as  π/2


2
2Lb log 2 e
Lb log2 e
−
2
π

Lt Lr
sin θ
dθ < I(ρ)
2
sin
θ
+
cρ
0
 π/2
 sin2 θ Lt Lr
4Lb log2 e
sin2 θ
dθ. (17)
< Lb log2 e −
π
sin2 θ + cρ
0

sin2 θ

For BPSK and QPSK, Lozano, Tulino, and Verdú [6] obtained
the approximation of the mutual information for SISO systems
in high SNR region as follows.
 
d2
ρ/π d/2
(18)
I(ρ) ≈ log2 m − e− 4 ρ log2 e
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where
and m = 4 and
√ m = 2 and d = 2 for BPSK,
1
d = 2 for QPSK. Since x̌ ∼ N x, 2cH
2 ρ ILb , the homogeneous OSTBCs can be decoupled into several parallel SISO
channels. Thus, the approximation of the mutual information
for the homogeneous OSTBCs can be obtained using (18).
The approximation of the mutual information given in [14]
may also be used. In Fig. 3, Inorm (ρ) denotes the mutual
information normalized by T = 2, which is obtained by
Monte Carlo simulation, C denotes the capacity, Ia,norm
denotes the approximation of the mutual information using
(18) normalized by T = 2, and LBnorm and UBnorm
denote the lower and upper bounds in (17) normalized by
T = 2, respectively. From Fig. 3, we can see that although
the approximation of the mutual information using (18) is very
accurate in the high SNR region, it cannot be used in the low
SNR range (< 10dB). Note that the capacity can be used as
an upper bound on the mutual information. Finally, although
our upper bound is not tight, it can be used in the whole SNR
range and, especially, the lower bound is tight in the low SNR
region.
IV. C ONCLUSION
In this paper, BMMSE is defined for the MIMO systems
with any coding and modulation schemes and the relationship
between the BEP and the BMMSE is derived. Using this
result, for the MIMO systems with BLLD codes in the
Gaussian channel, the lower and upper bounds on the mutual
information are derived by using BEP when their dispersion
matrices satisfy a given condition. Especially, the lower and
upper bounds on the mutual information for the MIMO
systems with the homogeneous OSTBCs are derived in closed
form.
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