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SUMMARY
In this letter, we analyze the convergence speed of layered
decoding of block-type low-density parity-check codes and verify that the
layered decoding gives faster convergence speed than the sequential decoding with randomly selected check node subsets. Also, it is shown that using
more subsets than the maximum variable node degree does not improve the
convergence speed.
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1.

Introduction

The layered decoding [1] has been proposed to improve the
decoding and hardware implementation eﬃciency of lowdensity parity-check (LDPC) codes [1], [2]. Moreover, the
convergence speed improvement of layered decoding is verified only by the numerical experiments.
For the sequential decoding by partitioning check
nodes [3], [4], the check nodes of LDPC codes are partitioned into p subsets. For the first subset, each variable node
sends the updated messages to its neighboring check nodes
within the first subset. Then, the check nodes in that subset update and send the messages to their neighboring variable nodes. This procedure is sequentially carried out for
the remaining p − 1 subsets of check nodes, which makes
one iteration. For the layered decoding, the check nodes of
LDPC code are partitioned into subsets such that each variable node connected by check nodes within a subset has at
most a single connection. The decoding procedure is the
same as that for the sequential decoding.
In this letter, the layered decoding of block-type LDPC
(B-LDPC) codes is analyzed using the results in [3]. Based
on these results, it is shown that the layered decoding gives
faster convergence speed than the other horizontal sequential decoding [4], which is confirmed by the simulation results. Also, it is shown that using more subsets of check
nodes than the maximum variable node degree does not improve the convergence speed of layered decoding.
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2.

Density Evolution Analysis with a Gaussian Approximation

In this section, we analyze the convergence speed of the layered decoding using the results in [3] by considering (dv , dc )
regular LDPC codes and irregular LDPC codes, where dv
and dc are the variable node and check node degrees, respectively.
Let v and u be the messages in the log likelihood ratio (LLR) form from variable node to check node and vice
versa, respectively. Also, let mv and mu be the means of v
and u, respectively, and φ(x) the function defined by

1
u (u−x)2
φ(x) = 1 − √
tanh e− 4x du, for x > 0 (1)
2
4πx R
where φ(0) = 1 and φ(∞) = 0.
2.1 Density Evolution Analysis of Layered Decoding
The number of distinct edge distributions for the connections from a variable node to p subsets of check nodes is
p Cdv = p!/dv !(p − dv )!, where x! = x × (x − 1) × · · · × 2 × 1. If
one edge from a variable node is connected to the subset S i ,
the number of distinct edge distributions becomes p−1 Cdv −1 .
Let (a1 , a2 , · · ·, a p ) denote the edge distribution of a variable
node where a j is the number of edges connected from a variable
 p node to the check nodes in S j , a j takes zero or one, and
j=1 a j = dv . Then, the mean of message from this variable
node to the subset S i at the l-th iteration can be expressed as
mu0 +

i−1

j=1

a j mu(l)S j +

p


a j m(l−1)
uS j

(2)

j=i+1

where mu0 denotes the mean of the received message from
the channel, uS j the message from the check node in S j , and
l the iteration number. The probability that the message with
the mean value in (2) is passed to the subset S i is 1/ p−1 Cdv −1 .
The recursive equation of the mean of the message from the
check node in S i to variable node at the l-th iteration can be
expressed as
⎛
⎡
⎜⎜
⎢⎢⎢

1
⎜
(l)
−1 ⎜
muS i = φ ⎜⎜⎜⎝1 − ⎢⎢⎢⎢⎣1 −
φ mu0
p−1 Cdv −1 (a ,···,a )
1

p
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+

i−1


a j mu(l)S j

j=1

+

p


a j m(l−1)
uS j

j=i+1

⎤dc −1 ⎞
⎥⎥⎥ ⎟⎟⎟
⎥⎥⎦⎥ ⎟⎟⎟⎟ .
⎠

(3)

r=2

Similarly, for irregular LDPC codes, we can obtain
⎛
⎡
dl
dr
⎜⎜
⎢⎢⎢



λq
⎜
(l)
−1 ⎜
ρr φ ⎜⎜⎜⎝1 − ⎢⎢⎢⎢⎣1 −
muS i =
C
r=2
q=2 p−1 q−1 (a1 ,···,a p )
⎞⎤r−1 ⎞
⎛
p
i−1


⎟⎟⎟⎥⎥⎥ ⎟⎟⎟
⎜⎜⎜
⎟⎟⎥⎥⎥ ⎟⎟⎟
φ ⎜⎜⎜⎝mu0 +
a j mu(l)S j +
a j m(l−1)
(4)
uS j ⎟
⎠⎦ ⎟⎠
j=1

mu(l)S i =

dr


j=i+1

where λi (ρ j ) is the fraction of edges with degree i ( j) in
terms of variable (check) node and dl (dr ) stands for the
maximum variable (check) node degree.
If all-zero codeword is transmitted, the bit error rate
(BER) of codeword bits can be derived as
⎞
⎛
⎜
(l) ⎟
p Cd
1 v ⎜⎜⎜⎜⎜ mk ⎟⎟⎟⎟⎟
Q ⎜⎜⎜
Pe = Pr (x < 0) =
(5)
⎟
2 ⎟⎟⎠
⎝
p Cdv k=1
 ∞  2

where mk(l) = mu0 + pj=1 a j mu(l)S j and Q(x) = √12π x exp − u2 du.
Also, for irregular LDPC codes, we can derive
⎞
⎛
⎜⎜⎜
(l) ⎟
dl
p Cq

λq 
⎜⎜⎜ mk ⎟⎟⎟⎟⎟
Pe =
Q ⎜⎜⎜
(6)
⎟
C
2 ⎟⎟⎠
⎝
q=2 p q k=1

⎛ ⎡
⎜⎜⎜ ⎢⎢⎢
dl


⎜ ⎢⎢
−1 ⎜
ρr φ ⎜⎜⎜⎜1−⎢⎢⎢⎢1 −
λq
(q − 1)!
⎜⎝ ⎢⎣
(a ,···,a p )
q=2

1
ai 0

1
φ mu0 + (ai − 1)
a1 ! · · · (ai − 1)! · · · a p ! p q−1
⎤r−1 ⎞
p
i−1


⎥⎥ ⎟⎟⎟
(l)
(l−1) ⎥
⎥⎥ ⎟⎟⎟ .
× m(l−1)
+
a
m
+
a
m
(9)
j
j
uS i
uS j
uS j ⎥
⎦ ⎠⎟
j=1
j=i+1
⎛
⎞
⎜⎜⎜ m(l)
⎟⎟
dl


⎜
⎟⎟⎟
q!
(a1 ,···,a p ) ⎟
⎜⎜⎜⎜
⎟⎟⎟ .
Q
λq
Pe =
⎜
q
⎟⎠
(a1 ! a2 ! · · · a p ! p ) ⎜⎝
2
×

q=2

(a1 ,···,a p )

(10)
2.3 Mean Evolutions
Using (3) and (7), the mean evolution of (dv , dc ) regular
LDPC code at each iteration can be obtained. Equation (1)
0.86
can be simplified as φ(x) ≈ e−0.4527x +0.0218 . We consider
binary phase-shift keying (BPSK) modulation with magnitude 1 and the additive white Gaussian noise (AWGN) channel with mean 0 and variance σ2 .

where λi is the fraction of variable nodes with degree i.
2.2 Density Evolution Analysis of Sequential Decoding
with Random Partitioning
For the sequential decoding algorithm with randomly selected p subsets of check nodes, the recursive equation and
the BER can be expressed as follows.
⎛ ⎡
⎜⎜⎜ ⎢⎢⎢

⎜ ⎢⎢
(dv − 1)!
(l)
−1 ⎜
muS i = φ ⎜⎜⎜⎜1 −⎢⎢⎢⎢1 −
⎜⎝ ⎢⎣ (a ,···,a p ) a1 ! · · · (ai − 1)! · · · a p !p dv −1
1

(a) (3,6) regular LDPC code in the AWGN channel with σ = 0.83 and
0.87.

ai 0

⎛
i−1

⎜⎜⎜
× φ ⎜⎜⎜⎝mu0 + (ai − 1)m(l−1)
+
a j mu(l)S j
uS i
j=1

⎞⎤dc −1 ⎞
⎟⎟⎥⎥⎥ ⎟⎟⎟
(l−1) ⎟
+
a j muS j ⎟⎟⎠⎟⎥⎥⎦⎥ ⎟⎟⎟⎟⎠ .
j=i+1
⎞
⎛
⎟⎟
⎜⎜⎜ m(l)

⎟⎟⎟
⎜⎜⎜
(a1 ,···,a p ) ⎟
⎟⎟⎟
p(a1 ,···,a p ) Q ⎜⎜⎜
Pe =
⎟⎠
⎜⎝
2
p


(7)

(8)

(a1 ,···,a p )

(l)
=
where p(a1 ,···,a p ) = dv !/(a1 !a2 ! · · · a p !p dv ) and m(a
1 ,···,a p )
p
(l)
mu0 + j=1 a j muS j .
Similarly, for irregular LDPC codes, the recursive
equation and the BER can be derived as follows.

(b) Irregular LDPC code in the AWGN channel with σ = 0.77 and 0.82.
Fig. 1 Mean evolutions for the layered decoding and the sequential
decoding with random partitioning for various p.
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Figure 1(a) shows the mean evolution of (3, 6) regular
LDPC code for the various decodings with p = 3 and 4, respectively. We consider the AWGN channel with σ = 0.83
and 0.87 which are less than the threshold 0.8747. L and
R stand for the layered decoding and the random partitioning, respectively. Figure 1(a) shows that as p increases, the
performance improves and the layered decoding converges
faster than the sequential decoding with random partitioning and the conventional decoding with flooding scheduling
(p = 1). Also, Fig. 1(a) shows that the gain in the convergence speed becomes negligible for p ≥ 4. If p goes beyond
the maximum variable node degree dmax , the overall layered
decoding has similar structure to that in the case of p = dmax
and the performance becomes similar.
Similarly, using (4) and (9), the mean evolution of irregular LDPC codes at each iteration can be obtained. For
the analysis, a random ensemble of irregular LDPC codes
with variable node degree distribution λ(x) = 0.333333x2 +
0.666667x5 and check node degree distributionρ(x) = x8
l
r
is used, where λ(x) = dq=2
λq xq−1 and ρ(x) = dr=2
ρr xr−1 .
Figure 1(b) shows the mean evolution of irregular LDPC
code for the various decodings with p = 6. For the mean
evolutions of irregular case, two patterns of mean evolutions
corresponding to degree-3 and degree-6 variable nodes are
observed for each decoding. The higher the degree of variable nodes is, the faster the convergence speed is. Also,
from Fig. 1(b), we can see that the irregular case shows the
similar trend of the regular case.
3.

regular B-LDPC code and irregular B-LDPC code of rate
1/2 with girth (shortest cycle) 10 and 6, respectively. Each
blank block denotes 4177 × 4177 all-zero matrix and each
block with a shift value represents a circularly right shifted
4177 × 4177 identity matrix by that value. For the regular
B-LDPC code in Fig. 2(a), three subsets of check nodes,
{1, 2, 3, 4}, {5, 6, 7, 8}, and {9, 10, 11, 12}-th block rows, are
used for the layered decoding with p = 3. For the irregular B-LDPC code in Fig. 2(b), six subsets of check nodes,
{1, 2}, {3, 4}, {5, 6}, {7, 8}, {9, 10}, and {11, 12}-th block rows,
are used for the layered decoding with p = 6.
Figure 3 compares the simulation and analytical results
for various decoding schemes. Using (5), (6), (8), and (10),
the analytical BER values are calculated. In Fig. 3, A and
S stand for the analytical and simulation results, respectively. We can see that the simulation results are fairly well
matched with the analytical results.
Now, we confirm the tendency for the irregular BLDPC code of length 2304 and rate 1/2 for the practical
IEEE 802.16e standards [5]. For this irregular B-LDPC
code, six subsets of check nodes, {1, 10}, {2, 11}, {3, 5},
{4, 6}, {7, 9}, and {8, 12}-th block rows of 12×24 model ma-

Simulation Results and Conclusions

For the simulation, we assume the BPSK modulation,
AWGN channel, and the maximum number of iterations
= 50. Figure 2 shows the 12 × 24 model matrices of (3, 6)

(a) (3,6) regular B-LDPC code in the AWGN channel with σ = 0.81.

(a) (3,6) regular B-LDPC code.

(b) Irregular B-LDPC code in the AWGN channel with σ = 0.77.
(b) Irregular B-LDPC code.
Fig. 2

Model matrices of B-LDPC code of rate 1/2.

Fig. 3 Comparison of analytical and simulated BER performances of the
layered decoding and the horizontal sequential decoding with random partitioning of B-LDPC codes of length 100248 and rate 1/2.
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plement the decoder. Through simulation, we observed that
the performance of B-LDPC codes with the dual-diagonal
parity structure do not follow the analytical result. We
guess that it is because the dual-diagonal parity structure of
degree-2 parity nodes substantially decreases the randomness of B-LDPC code. Therefore, it will be an interesting research problem to investigate the eﬀect of the dual-diagonal
parity structure on the decoding performance.
Acknowledgment

Fig. 4 BER performance of irregular B-LDPC code of length 2304 and
rate 1/2 for IEEE 802.16e using various decoding schemes and iterations
with p = 6.

This research was supported by the Ministry of Education,
Science and Technology (MEST), the Ministry of Knowledge Economy (MKE), and the Ministry of Labor (MOLAB), Korea, through the fostering project of the Laboratory of Excellency.
References

trix, are used for the layered decoding with p = 6. Figure 4
compares the BER performance of irregular B-LDPC code
using the flooding scheduling (p = 1), random partitioning
(p = 6), and layered decoding (p = 6) for the various number I of iterations. The performance improves as p increases
and the layered decoding gives fastest convergence speed as
expected.
We can conclude that by using the layered decoding, the overall computational decoding complexity can be
reduced because the same decoding performance can be
achieved for fewer iterations. Also, LDPC codes with the
structure to support the layered decoding are good to im-

[1] D.E. Hocevar, “A reduced complexity decoder architecture via layered
decoding of LDPC codes,” Proc. IEEE Workshop on Signal Processing Systems (SIPS), pp.107–112, Oct. 2004.
[2] M. Rovini, F. Rossi, P. Ciao, N. L’Insalata, and L. Fanucci, “Layered decoding of non-layered LDPC codes,” Proc. 9th EUROMICRO
Conf. Digital System Design (DSD), pp.537–544, Aug. 2006.
[3] S. Kim, M.-H. Jang, J.-S. No, S.-N. Hong, and D.-J. Shin, “Analysis of complexity and convergence speed of sequential schedules for
decoding LDPC codes,” Proc. ISITA 2006, pp.629–634, Oct. 2006.
[4] J. Zhang and M.P.C. Fossorier, “Shuﬄed iterative decoding,” IEEE
Trans. Commun., vol.53, no.2, pp.209–213, Feb. 2005.
[5] “Part 16: Air interface for fixed and mobile broadband wireless access
systems,” IEEE P802.16e/D8, May 2005.

