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A New Family of p-Ary Sequences of Period
(pn
1)=2 With Low Correlation
Ji-Youp Kim, Sung-Tai Choi, Jong-Seon No, Senior Member, IEEE, and Habong Chung, Member, IEEE

Abstract—For an odd prime p congruent to 3 modulo 4 and an
odd integer n, a new family of p-ary sequences of period N = p 201
with low correlation is proposed. The family is constructed by shifts
and additions of two decimated m-sequences with the decimation
factors 2 and 2d; d = N 0pn01 . The upper bound for the maximum
magnitude of nontrivial correlations of this family is derived using
well known Kloosterman sums. The upper bound is shown to be
2 N + 12 = p2pn , which is twice the Welch’s lower bound and
approximately 1.5 times the Sidelnikov’s lower bound. The size of
the family is 2(pn 01), which is four times the period of sequences.
Index Terms—Autocorrelation, characters, cross-correlation, finite fields, Kloosterman sums, nonbinary sequences.

I. INTRODUCTION
ANY families of pseudorandom sequences have been
reported to have good correlation properties. Gold sequence family has low cross-correlation and large family size
[1]. Kasami sequence family [2] [3] has lower cross-correlation than that of Gold, but it has smaller family size. Gold and
Kasami sequence families are optimal with respect to the Sidelnikov’s and the Welch’s lower bounds, respectively. Besides
these binary sequence families, there have been many researches
on nonbinary sequence families. Liu and Komo [4] generalized
Kasami sequence family to nonbinary case. Helleseth [5] investigated into various cross-correlations between m-sequences
and its decimation. From these results, -ary sequence families
, maximum correlation bound
, and
of period
family size
has been constructed [6]. Based on the result
of Trachenberg [7], a nonbinary sequence family with the corand family size
is obtained
relation bound
[6]. Kumar and Moreno [6] designed an asymptotically optimal
.
family with the correlation upper bound
More recently, Kim et al. [8] constructed -ary sequence
families from Sidelnikov sequences. Han and Yang [9] proposed
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-ary sequence families having the same upper bound for the
maximum correlation magnitudes, but larger family size. Yu and
Gong [10] refined the Weil bound to construct polyphase sequence families including some known families in [9] as special
case. They also presented the array structure of -ary Sidelnikov sequences and constructed -ary sequence families with
low correlation from column sequences of the array structure
in [11]. Schmidt [12] proposed nested families of polyphase sequences which have prime period.
This paper presents a new construction of a -ary sequence
family with low correlation. For a prime of
and an
odd integer , a new -ary sequence family of period
having maximum correlation magnitude
is constructed.
This maximum correlation magnitude is asymptotically twice
the Welch’s lower bound and 1.5 times the Sidelnikov’s lower
bound, but its family size is four times the period of sequences.
This family can be obtained from shifts and additions of two
,
decimated -ary m-sequences by 2 and
and the size of the family is
. To our best knowledge,
the new family is the first reported -ary sequence family having
with low correlation.
period
II. PRELIMINARIES
A. Correlation and Trace Functions
Let be a prime and
For -ary sequences
function at between

be the finite field with
elements.
and
of period , the correlation
and
is defined as

where is a primitive -th root of unity. Suppose that is a
family of -ary sequences. Then the maximum correlation value
of is defined as

Let and be positive integers such that
to
is defined as
function from

Then the -ary m-sequence
pressed as

of period

. Then the trace

can be ex(1)

where

is a primitive element of
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B. Characters
For a prime and an integer , a group homomorphism from
to
is called an additive character of
,
where denotes the complex field. Additive characters are usually denoted by . The canonical additive character is defined
as
, where
. It is known that any adfor some
ditive character can be expressed as
. Trivial additive character is a character which maps
into 1. The conjugate character of is the
every element of
character such that
, where denotes complex
conjugate.
Similarly, a multiplicative character is defined as a group hoto
momorphism from the multiplicative group
. Multiplicative characters are usually denoted by . Every
multiplicative character can be given as

for some
. Here
is called a trivial multiplicative character. Conjugate characters of multiplicative characters are defined similarly as in the case of additive characters.
The quadratic character , one of the multiplicative characters
is defined as

C. Gaussian Sums and Kloosterman Sums
For a multiplicative character and an additive character ,
is defined as
the Gaussian sum

The following lemmas for the Gaussian sum are needed for
proof of the main theorem.
Lemma 1 [13]: Let
an additive character of
satisfies

be a multiplicative character and
. Then the Gaussian sum

is a nontrivial additive character of
Lemma 2 [13]: If
and
are not both 0, then the Kloosterman sum
satisfies

The Kloosterman sum can be generalized to include a multiplicative character. Let be a multiplicative character and an
. For
, a generalized Kloostadditive character of
erman sum is defined as
(2)

Many results are reported for the Gaussian and the Kloosterman
sums. Here we list some of them which are used in this paper.
Lemma 3 [13]: Let be a multiplicative character and an
. The generalized Kloosterman sum
additive character of
, in the sense
defined in (2) reduces to a Gaussian sum if
that

Lemma 4 [13]: Let be the quadratic character of
an odd prime, and
with
. Then
for any additive character of
.
Lemma 5 [13]: Let
odd prime, and
Then we have

be the quadratic character of
with
for some

for any additive character

of

an
.

.

In this paper, the following notations are used:
is an odd prime
;
•
is an odd positive integer;
•
•
;
;
•
is a primitive element of
;
•
is a primitive -th root of unity;
•
•
•

;
.

III. DEFINITION OF SEQUENCE FAMILY
Let and be elements of
and
. Then the Kloosterman sum
of

be an additive character
is defined as

The following is a well-known upper bound on the
Kloosterman sum.

Let
be an m-sequence of period
defined in (1).
is even, the decimated sequence
has the
Since
. In order to construct the sequence
period
family, the sequence
and its decimated sequence
are considered. Since
, the period of
is
also . The family of our interest is defined as
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where

Therefore, for any

In the following section, we will show that the magnitude of
cross-correlation and nontrivial autocorrelation values of the
-ary sequences in are upper bounded by
.

Theorem 7: The magnitudes of cross-correlation and nonare upper
trivial autocorrelation values of sequences in
.
bounded by
Proof: First we consider the cross-correlation of sequences
in . All the other cases can be similarly proved. The cross-correlation function between two sequences in
and
, is given as

IV. CORRELATION BOUND AND SIZE OF SEQUENCE FAMILY

, we have

The upper bound on the correlation magnitude of the sequence family is derived in the main theorem. For the proof
of the main theorem, Theorem 7, we need the following.
Lemma 6: For

and

, let

(3)

be defined as
Let
written as

where

Since

(mod

), we have

1 for any

Let

. Then we have

is not trivial, Lemma 1 indicates that

ii)
Here
we have

iii)
Using

. Then (3) can be

is the quadratic character. Then we have

Proof: We consider the following three cases:
;
i)
In this case, we can use Lemma 3. Since
, we have

Since

and

;
for some

. Then by applying Lemma 5,

(4)
in (4), we can use the Kloosterman
In order to compute
sum and the generalized Kloosterman sum given as

;
and Lemma 4, we have
From Lemma 6, we have an upper bound for
namely
.

,
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TABLE I
VALUES OF a AND b FOR EACH CASE

Since is an odd prime which is
is nonsquare. Therefore, as
integer,
does through
and we have

and is an odd
runs through

Finally, we obtain

Now we are ready to show that the absolute value of crossis upper bounded by
=
.
correlation
From the previous argument, we can set

where
are real numbers.
From the definitions of the Kloosterman and the generalized
Kloosterman sums, we obtain
(5)
(6)
For cross-correlation and nontrivial autocorrelation, it can be
or
. If
, then by definition
easily shown that
of
, which implies
. Also note
that

Therefore, we have

The proof for cross-correlation bound in each of the other cases
is quite similar, because the cross-correlation expression eventually becomes the Kloosterman sum over the quadratic residue as
in (3) using the same technique. The only differences are values
of constants and in (3). We summarize values of and for
each case in Table I.
Thus, the proof is complete.
Immediately from the proof of Theorem 7, it is manifest that
all sequences in are cyclically inequivalent. Thus we have the
following theorem.
Theorem 8: The family size of

is

The new family is not optimal with respect to the Welch
bound, which is rather insensitive to the family size. In fact, the
upper bound of the correlation magnitudes of the proposed sequence family is approximately twice the Welch’s lower bound,
but its family size is four times the period of the sequences. On
the other hand, the Sidelnikov lower bound [6] on the maximum
correlation magnitude depends not only on the period but also
on the family size. Here, we are going to measure how close the
family is from the optimality with respect to the Sidelnikov’s
bound given below.
Lemma 9 [6]: Let be a family of
period , where is an odd prime. Let
magnitude of correlation values. Then

It is easy to check that
corresponds to the
in-phase autocorrelation. Therefore, from Lemma 2, we have
.
Thus, from Lemmas 2 and 6 and (5) and (6), we have

.

for all
Here, let

-ary sequences of
be the maximum

.
and

. Then we have
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TABLE II
COMPARISON OF WELL-KNOWN FAMILIES OF SEQUENCES (p IS A PRIME)

Thus
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Therefore, we can see that the maximum magnitude of the
nontrivial correlation values of the proposed family is approxlarger than the Sidelnikov’s bound. Table II
imately
shows the parameters of some well known sequence families
and the new family derived in this paper.
V. CONCLUSION
In this paper, a new family of -ary sequences with low cor,
relation is constructed. The family can be constructed in
and an odd integer . The period of
with a prime of
sequences are
. Sequences in the family are obtained using
and
shifts and additions of decimated m-sequences
with the decimation factor
. The upper bound for
the magnitude of nontrivial correlation values of the sequence
family can be deduced by the Kloosterman sums, which is approximately 1.5 times the Sidelnikov’s lower bound. The size
, 4 times the period of the
of the sequence family is
sequences.
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