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On the Cross-Correlation of a p-Ary m-Sequence
of Period p2m 1 and Its Decimated
Sequences by (pm + 1)2=2(p + 1)
Sung-Tai Choi, Taehyung Lim, Jong-Seon No, Fellow, IEEE, and Habong Chung, Member, IEEE

Abstract—In this paper, for an odd prime , we investigate into
the cross-correlation of a -ary -sequence ( ) of period
1
+1 , where
and its -decimated sequences ( + ), 0
2
( +1)
= 2( +1) , = 2 , and
is an odd integer. There are 2+1
1) =
distinct decimated sequences ( + ) since gcd(
( +1) . It is shown that the magnitude of the cross-correlation
2
+ 1. We also construct the
values is upper bounded by +1
2
sequence family
from these sequences, where the family size is
and the correlation magnitude is upper bounded by +1
+
2
1.
Index Terms—Cross-correlation, decimated sequence,
-sequence, nonbinary sequence, quadratic form, sequence family.

I. INTRODUCTION
HERE has been much research to find a decimation value
such that the cross-correlation of a -ary -sequence
and its decimated sequence
is low. The values
with
have been studied in [1], [2], [3], and
[4].
There have also been some research works dealing with a dec. When
imation factor not relatively prime to the period
is not relatively prime to the period
, the decimated sehave short period,
.
quences
For a ternary case, in [5], the authors derived the correlation
and
, which
distribution for
corresponds to the Coulter–Matthews decimation. In [6], the
and
authors derived the correlation distribution of
with
, where
is odd and is an odd
prime. In [7], the author showed that the magnitude of correfor
lation values is upper bounded by
for ternary -sequences. In [8], the authors extended Muller’s result to any odd prime case, i.e., for

T

Manuscript received April 30, 2010; revised May 25, 2011; accepted August 30, 2011. Date of current version February 29, 2012. The material in this
paper was presented at the 2010 IEEE International Symposium on Information Theory. This work was supported by the National Research Foundation of
Korea (NRF) funded by the Ministry of Education, Science and Technology,
Korea Government under Grant 2011-0000328 and the Korea Communications
Commission (KCC), Korea, under the R&D program supervised by the Korea
Communications Agency (KCA) under Grant KCA-2011-08913-04003.
S.-T. Choi, T. Lim, and J.-S. No are with the Department of Electrical Engineering and Computer Science, INMC, Seoul National University, Seoul 151744, Korea (e-mail: stchoi@ccl.snu.ac.kr; jayelish@hotmail.com; jsno@snu.ac.
kr).
H. Chung is with the School of Electronics and Electrical Engineering,
Hong-Ik University, Seoul 121-791, Korea (e-mail: habchung@hongik.ac.kr).
Communicated by N. Yul Yu, Associate Editor for Sequences.
Digital Object Identifier 10.1109/TIT.2011.2177573

and derived the upper
. In [12], the authors derived the correlation
bound as
, when is an odd prime and
distribution for
. The known decimation values and the upper bounds
of magnitude of cross-correlation values are listed in Table I.
In this paper, for an odd prime , the upper bound on the
magnitude of cross-correlation values of a -ary -sequence
and its decimation sequences
,
, is derived for
,
, and
have the
an odd integer . The decimated sequences
because
. It
period of
is shown that the magnitude of cross-correlation function
of
and
is upper bounded by
. We also
and
,
construct the sequence family by using
and the magnitude of correlation
where the family size is
.
values is upper bounded by
II. PRELIMINARIES
Let be an odd prime and
ments. Then, the trace function
fined as

the finite field with
elefrom
to
is de-

where
and
.
Let be a primitive element of
with the period of
quence

. Then, a -ary -secan be expressed as

Since
, there are
distinct decimated sequences
of period
, which are defined as

,
(1)

The cross-correlation function between two -ary sequences
and
at shift is defined as

where is a primitive th root of unity.
is defined as
The quadratic character of
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if
if
if

is a nonzero square in
is a nonsquare in
,
.

,
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TABLE I
PARAMETERS OF SOME KNOWN DECIMATION VALUES FOR THE NONBINARY CASE

The Gauss sum pertaining to the quadratic character of
given as the following theorem.
Theorem 1 (Theorem 5.15 [15]): Let
the quadratic character of . Then,

be an odd prime and

if
if
where

in

. If
is a nondegenerate quadratic
the quadratic form
satisfying
form of rank , the number of solutions in
is determined as in the following lemma.
be the
Lemma 4 (Theorems 6.26 and 6.27 [15]): Let
. The number of solutions
of
quadratic character of
in
, when
is a nondegenerate quadratic
and
, is given as
form in rank with determinant
follows.:
Case 1) even;

mod
mod

is a primitive th root of unity and

A quadratic form over
neous polynomial in
pressed as

is

.

indeterminates is a homogeof degree 2 and can be ex-

if
if
where
Case 2)

where
.
denote an -dimensional vector space over . The
Let
satisfying the
number of solutions
for any
can be deterquadratic form
.
mined from the rank of the quadratic form
The following lemma explains how to determine the rank of a
quadratic form.
Lemma 2 (Lemma 6 [7]): Let
quadratic form. Define

Then,

is a subspace of
.

and the rank of

be a

(2)
is defined as

A quadratic form
in
can be regarded as a mapfrom
into . Thus, we will also use the term
ping
in a finite extension
‘‘quadratic form" for this mapping
. In this case, Lemma 2 in a finite-field version can be
field
restated as follows.
from
Corollary 3: The rank of the quadratic form
to
can be determined by finding the number of coordinates
is the number of
that the form is independent of, i.e.,
, such that
, for all
.
A quadratic form
in indeterminates
is said to be nondegenerate if it has a full rank, i.e.,
over
can be expressed as the canonical form
for
. Let
denote the determinant of

.
odd;
if
if

where

.

If a nonzero quadratic form
has a
, it can be rewritten as an equivalent canonical form,
rank
, where all
[15]. Hence, for any
, the number of solutions of
in
is
times the number of solutions of the same
. For a quadratic form
equation in
with rank , we can decide the number of solutions
in
, where
, from Lemma 4 and the previous fact.
Using Theorem 1 and Lemma 4, the following corollary can
be stated without proof.
be a mapping from
to
corCorollary 5: Let
responding to a quadratic form
of rank
with determinant . Then, the exponential sum
is given as follows.
Case 1) even;

where
Case 2)

.
odd;
if
if

where

.

mod
mod
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Let

-SEQUENCE OF PERIOD

be a prime power. A polynomial of the form

Since

with coefficients in an extension field
of
is called a
-polynomial or linearized polynomial over
. If is an ar, which contains all the roots of
bitrary extension field of
, then

Hence, the set of solutions of
in is considered as a
vector subspace over , i.e., the number of solutions is a power
of .
In the remaining part of this paper, the following notations
will be used:
and is an odd integer;
1)
;
2)
3) is a primitive element of
;
4) is a th root of unity.
III. QUADRATIC EXPRESSION FOR THE
CROSS-CORRELATION FUNCTION
The cross-correlation
given as

between

and

is

(3)

where
Let

1875

is an even integer, we have

Thus, we have
can be rewritten as

. Hence, (5)

(6)
Let
(7)
If
is expressed in terms of a basis
of
over
as
, where
,
can be easily represented as the quadratic
then
,
, where
form over
. Note that
is nothing
but
when and in
are replaced by
and
,
is also a quadratic form with the
respectively. Thus,
coefficients
.
From Lemma 2, Corollary 3, and Lemma 4, in order to evaluate the exponential sum
, we have to find the rank of
and
, i.e., the number of solutions
the quadratic forms
of the equations
and
satisfying for all
.
Lemma 6: The number of solutions
, such that
for all
, equals the number of solutions
satisfying
(8)

and
.
be the function defined by
(4)

Then, the cross-correlation
can be expressed as
. Exactly the half of the elements in
are squares and the other half are nonsquares. Using
and
mod , we have
.
and nonThus, we can represent the squares as
squares as
, where
and is a nonsquare
. Also, note that as runs through
, each
,
in
either a square or a nonsquare appears twice. Hence, we can
as
express

, such that
and the number of solutions
for all
, equals the number of solutions
satisfying
(9)
where is a nonsquare in
Proof: The equation

.
can be written as
(10)

Then, (10) can be rewritten as

(11)
Hence, (11) holds for all

if and only if
(12)

(5)
and (8) are satisfied simultaneously.
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Next, we will show that all solutions
also satisfy (12). From (8), we have

and raising to the

satisfying (8)

and

Let

. Then, (17) can be rewritten as

Hence, we have

power gives

(18)

(13)
Since

Using (13), (12) can be rewritten as

is an element in

, (18) can be rewritten as
(19)

Since

is a nonsquare in
, is not in
. Thus, we have
and (19) can be rewritten as
(20)

From (20), we have
where
and
. Hence, we only need to calculate the number of solutions for (8) to determine the number of
. The case of
can be proved
solutions for
similarly.
From Lemma 6, we have to find out the number of solutions
of (8) and (9) to find the rank of
and
, respectively. Since the degrees of (8) and (9) are both and they are
both linearized forms, the possible number of solutions for both
or . Now, we will use the following lemma
equations is
and
to show that at least one of the two equations,
, has just one solution.
Lemma 7: When is a nonsquare in
, the equation
has
as its only solution in
.
is a solution, we have
Proof: Since it is trivial that
to show that
(14)
, when is a nonsquare in
has no solution in
The previous equation can be rewritten as

(21)
Now, we are ready to show that there are no such
satisfying the previous equation. Since
, (21) implies that

and

In other words, (21) implies that
is in
. But, this is not true since
is not in
, while
is in
. Hence, (18) does not hold and the proof is
completed.
Clearly, either or is a nonsquare. Thus, at least one of the
two, i.e., (8) and (9), has a single solution. Also, we can show
always has a single solution if
.
that
Lemma 8: When

, i.e.,

,
(22)

.
has

as its only solution in

, where is a nonsquare in

.
(15)
, which is an
The right-hand side of (15) is expressed as
. Thus, in order to prove the lemma, we should
element in
show

Proof: Since we have

and

is an odd integer, any nonsquare

satisfies

(16)
where is a nonsquare in
Suppose that there exists

.
, such that

Then, we have
(17)

From

, (22) can be rewritten as

Since

,
. But there is no such in
satisfying
does not divide any odd multiples of

since

for some
,
.
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The discussion on the ranks of
summarized as follows.

and

so far can be
and

Corollary 9: The possible ranks of
follows.
is a square in
or
Case 1.
if
if
if

and
.
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mod , we have
and when
mod , we have
.
and rank of
(or
Case 3. Rank of
and rank of
).
rank of
From Corollary 5, we have

In this case, when

has one solution,
has solutions,
has solutions.
and

if
if
if
where
and

are as
.

is a nonsquare in

Case 2.

-SEQUENCE OF PERIOD

.

(25)

has one solution,
has solutions,
has solutions,

denote the ranks of

We also have
Hence, the magnitude of
.

and , respectively,

.
is upper bounded by

From Theorem 10, (23), (24), and (25), the possible values of
the cross-correlation function are given as follows.
,
1) For

IV. UPPER BOUND ON CROSS-CORRELATION MAGNITUDES
In this section, the upper bound on the magnitude of the crossof -ary -sequence
and its
correlation function
in (3) will be derived.
decimated sequences
, be an odd prime, and
Theorem 10: Let
, where
is an odd integer. Then, the magnitude of
in (3) is upper bounded by

Proof: Using

and

2) For

mod (

3) For

mod ,

),

in (7), (6) can be rewritten as

Recall that both

and
are the quadratic forms and is
. Let
and
be the values defined in
a nonsquare in
and
Lemma 4 corresponding to the quadratic forms of
, respectively.
Due to Corollary 9, the following three cases should be con.
sidered to determine the value of
and rank of
.
Case 1. Rank of
From Corollary 5, we have

(23)
Thus, we obtain
and rank of
Case 2. Rank of
and rank of
rank of
From Corollary 5, we have

if
if

.
(or
).

mod
(24)
mod .

In each case, there are two pairs of the correlation values occurring the same number of times. Taking this fact into account,
deriving the exact distribution of cross-correlation values, i.e.,
the number of occurrences of each correlation value requires
and nine equations othseven independent equations for
erwise, which does not seem to be an easy task. We leave this
as a future work.
V. CONSTRUCTION OF A NEW FAMILY
In this section, we construct a family of -ary sequences of pewith low correlation using a -ary -sequence
riod
and its
distinct decimated sequences
defined in
(1). An immediate candidate for the family is a Gold-like sequence family.
be the sequence family defined by
Let
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TABLE II
COMPARISON WITH GOLD-LIKE SEQUENCE FAMILIES

* p is a prime number.

where

. For two sequences
and
in the family , the correlation function between the two
sequences is expressed as

Define the set

as

Then, for two sequences
and
such that
, we have

in the family

,

(26)
From (26) and Theorem 10, it can be easily checked that exand
, the correlation function is upper
cept for
. Now, let us check the case when
bounded by
and
. For the case when
and
,
in
(26) can be rewritten as

The evaluation of

requires the following lemma.

Lemma 11 ([2]): Let be an odd prime,
for some integer . Suppose that
suppose
.
least integer such that
1) For an even , an odd
, and an odd ,

, and
is the

if
if
if

.

which far exceeds
.
Hence, in order to obtain the sequence family with the max, we have to devise
imum correlation magnitude of
and
in
a method of excluding the sequences
satisfying
from
.
and
Note that can be partitioned into
for even
and odd , respectively. Let
and
,
.
where
has an interesting property stated in the
The set
following lemmas.
Lemma 12: Let be an odd prime.
addition.
and
Proof: Let
gers and . Then, we have

Since

is closed under
for inte-

,

and
.

2) For all other cases,

Lemma 13: Let
if
if
if

where
Now, let us apply Lemma 11 to our case. Since
, set
. Then,
and
.

,
,
.

be an odd prime.

Proof: Since
and
is enough to show that all the elements
, are distinct. Suppose that
and
. Then,
where
and Lemma 12 implies that
and
.

, it
,
, i.e.,

By finding a proper set
, such that
we can construct a sequence family with
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the maximum magnitude
as in the following theorem.

of cross-correlation values
and

Theorem 14: Let
an odd integer. Let

-SEQUENCE OF PERIOD

, where

is
and

, where
. Let
. Let be the sequence family
defined by

Then, the magnitude of correlation values of two sequences in
is upper bounded by
and its family size is
.
Proof: It is enough to show that for
:
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. Therefore, from Lemmas 12 and
and
, and

Some known sequence families with low correlation are listed
in Table II.
VI. CONCLUSION

p 0

p

p

where
and
13, we can easily see that
.
thus,

0

p

p

0

p

In this paper, we have derived the upper bound on the
-semagnitudes on cross-correlation values of a -ary
and its decimation sequences
for
quence
. The upper bound is equal to
. We have also constructed the sequence family
by using the same decimation value, where the family size is
and the magnitude of correlation values is upper bounded
.
by
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