IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 63, NO. 12, DECEMBER 2017

7687

Index Coding With Erroneous Side Information
Jae-Won Kim

and Jong-Seon No, Fellow, IEEE

Abstract— In this paper, new index coding problems are
studied, where each receiver has erroneous side information.
Although side information is a crucial part of index coding,
the existence of erroneous side information has not been considered yet. We study an index code with receivers that have
erroneous side information symbols in the error-free broadcast
channel, which is called an index code with side information
errors (ICSIE). The encoding and decoding procedures of the
ICSIE are proposed, based on the syndrome decoding. Then,
we derive the bounds on the optimal codelength of the proposed index code with erroneous side information. Furthermore,
we introduce a special graph for the proposed index coding
problem, called a δs -cycle whose properties are similar to those
of the cycle in the conventional index coding problem. Properties
of the ICSIE are also discussed in the δs -cycle and clique. Finally,
the proposed ICSIE is generalized to an index code for the
scenario having both additive channel errors and side information
errors, called a generalized error correcting index code.
Index Terms— δs -cycle, error correcting index codes (ECIC),
generalized error correcting index codes (GECIC), index
codes (IC), index codes with side information errors (ICSIE),
side information.

I. I NTRODUCTION

I

NDEX coding has attracted significant attention in various
research areas since it was first introduced by Birk and
Kol [1]. Due to its relevance to various topics in information
theory, lots of research has been done on index coding even
though it was first considered for the satellite communication
systems. Bar-Yossef et al. proved that the optimal codelength
of linear index codes is equal to the parameter mi nr k of the
fitting matrix of the side information graph and suggested an
optimal construction method for the linear index codes [2].
In addition, it was proved that there is a nonlinear index code
which outperforms the optimal linear index codes [3].
It was proved in [4] that every network coding problem
can be converted to a corresponding index coding problem,
and vice versa, for the given network structure. Furthermore,
there was a trial relating the topological interference management (TIM) with index coding [5]. Most index coding
problems assume that the sender knows the side information
graph and each receiver has some subsets of messages as
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side information. Recently, Kao et al. researched a case
where the sender only knows the probability distribution
of side information in the receivers [6]. The index coding
problems where a form of side information in each receiver
is a linear combination of messages were studied [7], [8].
While most of the index coding problems are studied in an
error-free broadcast channel, there has been some work on
the index codes with channel errors [9]–[12]. In particular,
Dau et al. introduced error correcting index codes (ECIC) in
the erroneous broadcast channel and algebraically analyzed
them [9]. There has also been research on capacity analysis
and application of index codes with side information over the
additive white Gaussian noise (AWGN) channel [10], [11].
Byrne and Calderini [12] studied index coding instances with
channel errors and coded side information and extended the
results of [9]. As we can see from the previous works, index
coding problems have been generalized further and become
more realistic.
In this paper, new index coding problems with erroneous
side information are presented, where each receiver has erroneous side information. In the conventional index coding,
it is assumed that every receiver can exploit its side information directly because there is no side information error.
However, there is always a possibility of memory errors in the
receivers, which causes side information errors. Since there are
some instances where side information is attained by sending
messages through the broadcast channel, channel errors also
cause erroneous side information. Thus, we have to consider
a possibility having erroneous side information in the index
coding problem.
There are several applications of index coding with erroneous side information such as TIM. It is known that the
interference channels of a receiver in TIM correspond to the
messages, which are not the side information of the receiver
in index coding. If the interference channels vary due to the
moving receivers or are misunderstood as the non-interference
channels from the false channel state information in TIM, this
corresponds to index coding with erroneous side information.
Thus, index coding with erroneous side information can be
applied for the effective solutions of TIM.
In this paper, we propose the encoding and decoding procedures of index codes with side information errors (ICSIE),
where each receiver has erroneous side information symbols
in the error-free broadcast channel. One of the most important
parameters in index coding is the codelength. Thus, the bounds
on the optimal codelength of the proposed ICSIE are derived
and its crucial graph, called a δs -cycle, similar to the cycle
in the conventional index coding is proposed. We relate the
conventional index codes with the ICSIE by using the proposed bound and compare the cycle of the conventional index
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coding with the δs -cycle of the proposed ICSIE. Furthermore,
it is shown that there is a similarity between the generator
matrix of the ICSIE and the transpose of the parity check
matrix of the error correcting code when the corresponding
side information graph is a clique. Finally, the ECIC in [9]
is generalized by using the proposed ICSIE, which is called
a generalized error correcting index code (GECIC). That is,
we consider the more general scenario, where both channel
errors and side information errors exist.
The paper is organized as follows. The problem formulations for the ICSIE and the GECIC are given and the property
of the generator matrix of the GECIC is derived in Section II.
In Section III, the encoding and decoding procedures of the
ICSIE are proposed. Then, the properties and bounds for the
optimal codelength of the ICSIE are derived in Section IV.
Many properties of the ECIC in [9] are generalized to those of
the GECIC by using the properties of the ICSIE in Section V.
Finally, conclusions are presented in Section VI.
II. P ROBLEM F ORMULATION AND S OME R ESULTS
A. Notations
Let Fq be the finite field of size q, where q is a power
of prime and F∗q = Fq \ {0}. Let Z [n] = {1, 2, . . . , n} for a
positive integer n. For a vector x ∈ Fnq , wt(x) denotes the Hamming weight of x. Let x D be a subvector (x i1 , x i2 , . . . , x i|D| )
of a vector x = (x 1 , x 2 , . . . , x n ) ∈ Fnq for a subset D =
{i 1 , i 2 , . . . , i |D| } ⊆ Z [n], where i 1 < i 2 < . . . < i |D| . We also
introduce a submatrix A D of A ∈ Fq n×N , that is, the matrix
consisting of |D| rows of A as
⎞
⎛
A i1
⎜ A i2 ⎟
⎟
⎜
AD = ⎜ . ⎟
.
⎝ . ⎠
Ai|D|
where Ai is the i th row of A.
B. Problem Formulation for Index Coding With Erroneous
Side Information
The conventional index coding is explained before introducing index coding with erroneous side information. We consider
the index coding problem, where all information packets are
elements in Fq and each receiver just wants one packet. This
scenario is considered because any index coding problems can
be converted to the problem of the above scenario if the size of
packets is fixed. If the certain receiver wants d packets, we can
split the receiver into the d receivers, each of which wants to
receive one packet with the same side information. In this
scenario, we can describe the conventional index coding with
side information problem as follows. There are one sender
which has n information packets as x = (x 1 , . . . , x n ) ∈ Fnq
and m receivers (or users) R1 , R2 , . . . , Rm , having subvectors
of x as side information. Let Xi be the set of side information
indices of the receiver Ri for i ∈ Z [m]. That is, each receiver
Ri already knows the subvector xXi . Each receiver Ri wants
to receive one element in x, called the wanted packet denoted
by x f (i) and it is assumed that { f (i )} ∩ Xi = φ.
A side information graph shows the wanted packets and side
information of all receivers. Fig. 1 shows the directed bipartite

Fig. 1. An example of a directed bipartite side information graph with n = 3
and m = 5.

side information graph with five receivers and three packets.
The edges from an user node to packet nodes represent the
user’s side information. For example, there are two edges from
user 3 to packets 2 and 3 in Fig. 1, which means that user 3 has
packets 2 and 3 as side information. An edge from a packet
node to an user node represents that the user wants this packet.
For example, there is the edge from packet 1 to user 2 in Fig. 1,
which means that user 2 wants to receive packet 1. Every
packet node should have at least one outgoing edge and every
user node should have one incoming edge. It is assumed that
the sender knows the side information graph G and broadcasts
a codeword to receivers through the error-free channel in the
conventional index coding problem.
Having side information in each receiver is a crucial part
of the index coding problem. However, a possibility to have
erroneous side information has not been considered yet. Now,
we propose a new index coding problem with erroneous side
information by changing the side information condition in the
conventional index coding problem, that is, each receiver Ri
has at most δs erroneous side information symbols. In the
proposed index coding problem, a sender knows a side information graph G but does not know which side information
is erroneous in each receiver. In addition, each receiver does
not know which side information is erroneous. Furthermore,
we can also consider additive channel errors in each receiver
as in [9]. That is, each receiver receives y + i , where y is a
codeword and i is an additive error vector such that y, i ∈
FqN and wt(i ) ≤ δc .
Definition 1: A generalized error correcting index code
with parameters (δs , δc , G) over Fq , denoted by a (δs , δc , G)GECIC is a set of codewords having:
1) An encoding function E : Fnq → FqN .
2) A set of decoding functions D1 , D2 , . . . , Dm such that
|X |
Di : FqN × Fq i → Fq satisfying
Di (E(x) + i , x̂Xi ) = x f (i)
for all i ∈ Z [m], x ∈ Fnq , i ∈ FqN with wt(i ) ≤ δc ,
and wt(xXi − x̂Xi ) ≤ δs , where x̂Xi is the erroneous side
information vector of the receiver Ri .
Here, wt(xXi − x̂Xi ) ≤ δs means that the maximum number
of side information errors is δs for each receiver. In this paper,
we consider a linear index code. That is, E(x) = xG for all
is a generator matrix of the index
x ∈ Fnq , where G ∈ Fn×N
q
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code and N denotes the codelength of the (δs , δc , G)-GECIC.
q
Let Nopt (δs , δc , G) be the optimal codelength of the (δs , δc , G)GECIC over Fq . If δc = 0, a (δs , 0, G)-GECIC is called a
(δs , G)-index code with side information errors, denoted by a
q
(δs , G)-ICSIE and the optimal codelength Nopt (δs , δc , G) is
q
modified to Nopt (δs , G). Similarly, for δs = 0, we have (δc , G)q
ECIC and Nopt (δc , G) as in [9].
C. Property of Generator Matrix of GECIC
We find the property of the generator matrix for the proposed (δs , δc , G)-GECIC by generalizing [9, Lemma 3.8]. Let
I(q, G, δs ) be the set of vectors defined by

Ii (q, G, δs )
I(q, G, δs ) =
i∈Z [m]

Fnq

: wt(zXi ) ≤ 2δs , z f (i) = 0}. The
where Ii (q, G, δs ) = {z ∈
support set of I(q, G, δs ) is defined as

{ f (i )} ∪ Yi ∪ Ii : Yi ⊆ Yi , Ii ⊆ Xi
J (G, δs ) =
i∈Z [m]

where |Ii | ≤ 2δs and Yi = Z [n] \ { f (i )} ∪ Xi .
Then, the property of the generator matrix of the (δs , δc , G)GECIC is given in the following theorem.
Theorem 1 (Generalization of [9, Lemma 3.8]): A matrix G is a generator matrix of the (δs , δc , G)-GECIC if and
only if
wt(zG) ≥ 2δc + 1, for all z ∈ I(q, G, δs ).
Proof: It will be proved in the similar manner as in [9],
that is, we use the similar concepts as Hamming spheres of
the classical error correcting codes. Here, we find the set
of message vectors which should be distinguished by the
received codewords. Let B(x, δc ) be the Hamming sphere of
the received codeword y defined by
B(x, δc ) = {y ∈ FqN : y = xG + ,  ∈ FqN , and wt() ≤ δc }.
First, we prove that the receiver Ri can recover the wanted
packet x f (i) if and only if
B(x, δc ) ∩ B(x , δc ) = φ

(1)

for every pair x and x ∈ Fnq such that x f (i) = x f (i) and
wt(xXi − xXi ) ≤ 2δs .
The only difference from [9, Lemma 3.8] is that we replace
the condition xXi = xXi with wt(xXi − xXi ) ≤ 2δs . The side
information vectors xXi and xXi of the receiver Ri satisfy the
inequality wt(xXi − xXi ) ≤ 2δs if they can be the same by
changing at most δs side information symbols, respectively.
Now, we prove the above statement as follows.
Necessity: Ri has to recover x f (i) by using side information
and the received codeword. Suppose that there are two vectors
x and x ∈ Fnq such that x f (i) = x f (i) . Since Ri can
always recover x f (i) , Ri has to distinguish such x and x .
If wt(xXi −xXi ) ≥ 2δs +1, Ri can distinguish x and x from the
side information. However, if wt(xXi − xXi ) ≤ 2δs , Ri cannot
distinguish x and x from the side information and thus the
received codewords of x and x should be distinguished, which
corresponds to (1).

Sufficiency: For x and x ∈ Fnq , consider the cases where
x f (i) = x f (i) . For these cases, it is easy to note that the
sufficiency also holds. Thus, we only have to consider the
remaining cases such that x f (i) = x f (i) to prove the sufficiency. In fact, for such x and x , Ri does not need to
distinguish x and x because x f (i) = x f (i) and Ri is only
interested in x f (i) . Thus, there is no restriction on such x and
x for Ri to recover x f (i) .
Let z = x − x . Since each receiver Ri has to recover x f (i) ,
(1) should be satisfied for all i ∈ Z [m]. That is, the matrix G
corresponds to the generator matrix of the (δs , δc , G)-GECIC
if and only if wt(zG) ≥ 2δc + 1 for all z ∈ I(q, G, δs ).
Here are several remarks regarding the above theorem.
Remark 1: It is obvious that G is a generator matrix of the
(δs , δc , G)-GECIC if and only if
wt(i∈K z i G i ) ≥ 2δc + 1
for all K ∈ J (G, δs ) and all z i ∈ F∗q .
Remark 2: Since the receiver Ri is only interested in x f (i) ,
it is possible to have B(x, δc ) ∩ B(x , δc ) = φ for wt(xXi −
xXi ) ≤ 2δs and x f (i) = x f (i) . It means that Ri does not need
to distinguish x and x because x f (i) = x f (i) .
Remark 3: For a (δs , G)-ICSIE, the inequality wt(zG) ≥
2δc + 1 becomes zG = 0. If the side information is assumed
to be erased, we have
Ii (q, G, δs ) = {z ∈ Fnq : wt(zXi ) ≤ δs , z f (i) = 0}.
We provide an example for the aforementioned theorem.
Example 1: Let q = 2, m = n = 4, δs = 1, f (i ) = i , and
Xi = Z [4]\{i } for all i ∈ Z [4]. In general, the uncoded case is
the worst case in the error-free channel, that is, the codelength
is n = 4. However, we can construct a (δs = 1, G)-ICSIE with
codelength 3. From Theorem 1, it is clear that I(q, G, δs = 1)
includes all vectors in F42 except (1, 1, 1, 1) and (0, 0, 0, 0).
Assume that we have a 4 × 3 matrix G as
⎛
⎞
100
⎜0 1 0⎟
⎟
G=⎜
⎝0 0 1⎠ .
111
Then, we have zG = 0 for all z ∈ I(q, G, δs = 1).
Thus, the above matrix G is a generator matrix of the
(δs = 1, G)-ICSIE.
From [9, Lemma 8.2] and Theorem 1, a relation between
an ECIC and a GECIC can be deduced. In [9],  =
{(m, n, X , f )} is defined as a set of index coding instances
and an ECIC with δc is said to be static under the set  if
it satisfies all instances in . Now, we define δs for a side
information graph G as a set of all instances, each of which
is constructed by deleting min(2δs , |Xi |) outgoing edges from
each receiver Ri in G. Then, we have the following lemma.
Lemma 1: For a side information graph G, an ECIC with
δc static under δs is equivalent to a (δs , δc , G)-GECIC.
Proof: Let I(δs ) = ∪Ḡ I(q, Ḡ, 0), where Ḡ is constructed by deleting min(2δs , |Xi |) outgoing edges from each
receiver Ri in G. From [9, Lemma 8.2] and Theorem 1,
two problems are equivalent if I(δs ) = I(q, G, δs ). Since
each Ḡ represents the vector z ∈ Ii (q, G, δs ) by selecting
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at most 2δs non-zero elements of zXi , we have I(δs ) =
I(q, G, δs ).
From Lemma 1, we can further infer that a GECIC is
equivalent to an ECIC for a modified index coding instance.
Xi |
First, we modify G to G̃, where there are |2δ
corresponding
s
receivers of Ri in G wanting the same x f (i) with Xi∗ = Xi \ Ii
such that Ii ⊆ Xi and |Ii | = 2δs in G̃. Then, we have the
following lemma.
Lemma 2: For a side information graph G, a (δc , G̃)-ECIC
is equivalent to a (δs , δc , G)-GECIC.
Proof: We can easily notice that a (δc , G̃)-ECIC is
equivalent to an ECIC with δc static under δs and thus to
a (δs , δc , G)-GECIC from Lemma 1.
III. E NCODING AND D ECODING OF (δs , G)-ICSIE
In this section, we propose the encoding and decoding procedures of the proposed index code with erroneous side information in the error-free broadcast channel, that is, the ICSIE.
A. Encoding Procedure
In general, design of the index codes is to find a generator
matrix with the minimum codelength for the given side
information graph, called the optimal index codes. In fact,
any linearly dependent equations of the message packets can
be generated by their minimum set of linearly independent
equations. Thus, design of the optimal (δs , G)-ICSIE corresponds to finding the minimum number of linearly independent
equations of message packets, whose generator matrix satisfies
the property in Theorem 1 with no channel error. Thus,
we have the following remark for the (δs , G)-ICSIE.
Remark 4: If a generator matrix G of the (δs , G)-ICSIE has
rank less than or equal to the codelength N, the matrix deleting
any dependent columns from G can also be its generator
matrix. Thus, the generator matrix G opt of the optimal (δs , G)q
ICSIE should have the rank Nopt (δs , G).
We propose the optimal construction method of the
(δs , G)-ICSIE, which is similar to that of the conventional
index code in [2]. First, we generalize two well known
definitions, the fitting matrices and their minimum rank for the
given side information graph in [2]. From Lemma 2, we can
find a generalized fitting matrix for G through a fitting matrix
for G̃ as in the following definition.
Definition 2: Let Ti = {i1 , . . . , i(|Xi |) } for i ∈ Z [m], where
2δs

i j denotes the set of chosen indices from Xi with cardinality
2δs for |Xi | ≥ 2δs and otherwise, Ti = {i1 } = {Xi }.
Xi |
matrix A g is said to be a generalized
An n × i∈Z [m] |2δ
s
fitting matrix for G if A g satisfies the followings:
|Xi |
1) A g = [ A(i)
ab ] consists of m disjoint n × 2δs submatrices
A(i) for i ∈ Z [m].
Xi | 
, A(i)
2) For i ∈ Z [m] and b ∈ Z |2δ
ab = 0 for a ∈ ib and
s
(i)

Aab can take any value of Fq for a ∈ Xi \ ib .
(i)
Xi | 
and i ∈ Z [m].
3) A f (i)b = 1 for b ∈ Z |2δ
s
(i)
|Xi | 
4) Aab = 0 for a ∈ Yi , b ∈ Z 2δs , and i ∈ Z [m].
Definition 3: mi nr kq (δs , G) = min{r kq (A g ) : A g fits G},
where r kq (A g ) denotes the rank of A g over Fq .
By using the generalized fitting matrices and their minimum
rank, the optimal codelength of the proposed ICSIE can

be given in the following theorem, which corresponds to
generalization of [2, Th. 1] for the conventional index coding
with δs = 0.
q
Theorem 2 (Generalization of [2, Th. 1]): Nopt (δs , G) =
mi nr kq (δs , G).
Proof: Since the (δs , G)-ICSIE is equivalent to the conventional index code with δs = 0 for a modified side information
graph G̃ from Lemma 2, a generator matrix of the conventional
index code for G̃ satisfies the condition of the (δs , G)-ICSIE
in Theorem 1 and vice versa. Thus, A g can be a generator
matrix of the (δs , G)-ICSIE because A g is the conventional
fitting matrix for G̃. Since A g can be a generator matrix of
q
the (δs , G)-ICSIE and Nopt (δs = 0, G̃) = mi nr kq (δs , G) from
q
[9, Lemma 3.5], we have Nopt (δs , G) = mi nr kq (δs , G).
Thus, the optimal generator matrix of the (δs , G)-ICSIE
can be constructed from the generalized fitting matrix whose
rank is mi nr kq (δs , G) by removing all dependent columns.
There is an example for construction of a generator matrix in
Example 1 as follows.
Example 2: Let q = 2, m = n = 4, δs = 1, f (i ) = i , and
q
Xi = Z [4] \ {i } for all i ∈ Z [4]. From Theorem 2, Nopt (δs , G)
can be found by mi nr kq (δs , G). A matrix A g which fits G is
described as
A g = A(1)
where

⎛

1
⎜
0
A(1) = ⎜
⎝0
∗
⎛
0
⎜0
(3)
A =⎜
⎝1
∗

1
0
∗
0
0
∗
1
0

A(2)

A(3)

A(4)

⎛
⎞
1
0
⎜
∗⎟
⎟ , A(2) = ⎜1
⎝0
0⎠
0
∗
⎛
⎞
∗
0
⎜0
0⎟
(4)
⎟, A = ⎜
⎝∗
1⎠
0
1

0
1
∗
0
0
∗
0
1

⎞
∗
1⎟
⎟
0⎠
0
⎞
∗
0⎟
⎟
0⎠
1

and ∗ denotes any value of 0 or 1. In order to minimize the
rank of A g , the value 0 or 1 is selected for ∗ in A g and the
dependent columns are removed. Then, one of the optimal
generator matrices G opt is given as
⎛
⎞
1 0 0
⎜0 1 0⎟
⎟
G opt = ⎜
⎝0 0 1⎠ .
1 1 1
B. Decoding Procedure
We propose the decoding procedure of the (δs , G)-ICSIE
similar to that of the ECIC in [9]. That is, we can consider the
decoding procedure which is similar to the syndrome decoding
of the classical linear error correcting code. First, we find the
syndrome related to the side information errors, which is used
to find the correct side information. This procedure is different
from that of the ECIC because the side information errors exist
in the proposed ICSIE.
In order to introduce the decoding procedure, we assume
the followings:
1) Each receiver receives a codeword y = xG through the
error-free channel.
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2) The receiver Ri has a side information vector x̂Xi for i ∈
Z [m], where the number of erroneous side information
symbols is less than or equal to δs .
3) The receiver Ri only wants to recover x f (i) for i ∈ Z [m].
In addition, we define the following notations:
1) x̃δs = xXi − x̂Xi , where xXi is a correct side information
vector of Ri .
2) H (i) is a matrix whose rows form a basis of the dual of
span({G j } j ∈{ f (i)}∪Yi ).
3) He(i) is a matrix whose rows form a basis of the dual of
span({G j } j ∈Yi ).
Algorithm 1 Decoding Procedure for Ri
Input: y, x̂Xi , and G
Output: x f (i)
Step 1) Compute the syndrome
si = H (i) (y − x̂Xi G Xi ) = H (i) (x̃δs G Xi ).

(2)

Step 2) Find one solution pi that satisfies si = H (i)pi 
under the condition that pi is a linear combination
of rows of G Xi , where the number of linearly
combined rows in G Xi is less than or equal to δs .
Step 3) Make the following equation
ỹ = y − x̂Xi G Xi − pi = x f (i) G f (i) + (xYi − b)G Yi
(3)
|Y |

where b ∈ Fq i .

Step 4) Find x f (i) by multiplying the matrix He(i) on both
sides of (3).
Remark 5: If we choose He(i) so that its rows span the
orthogonal complement of span({G j } j ∈Yi ), then automatically, rows of He(i) do not span the orthogonal complement of
span(G f (i) ) because G f (i) does not belong to span({G j } j ∈Yi )
in the case of the ICSIE by Theorem 1.
Then, the decoding procedure of the (δs , G)-ICSIE for each
receiver Ri is described in Algorithm 1. We need the following
theorem for pi in (3) of the proposed decoding procedure.
Theorem 3: Let ηi be a subset of Xi with |ηi | ≤ δs .
Let pi be a solution of si = H (i) pi , where pi ∈
span({G j } j ∈ηi ). Then, pi is given as pi = x̃δs G Xi + k, where
k ∈span({G j } j ∈Yi ).

Proof: We can find a solution pi for si = H (i) pi , under
the condition that pi is a linear combination of rows of G Xi ,
where the number of linearly combined rows in G Xi is less
than or equal to δs because there exist at least one such pi
due to x̃δs G Xi . Moreover, if we find a solution pi under the
condition mentioned above, then we have

|Y |

where a ∈ Fq and b ∈ Fq i . Then, we can easily check
that LHS of (4) is xG such that wt(xXi ) ≤ 2δs . Since RHS
of (4) is zero, a should be zero by Theorem 1. Therefore,
pi = x̃δs G Xi + bG Yi .
Using Theorem 3, (3) can be given as ỹ = x f (i) G f (i) +
(i) 
(xYi − b)G Yi and from Step 4, we have ỹHe
=

(i)
x f (i) G f (i) He
due to Remark 5. Thus, x f (i) can easily be
obtained.
Remark 6: An interesting fact of this decoding procedure
is that we can decode x f (i) even if we do not know the exact
x̃δs G Xi as in the following example.
Example 3: Let q = 2, m = n = 9, δs = 1, and f (i ) = i
for i ∈ Z [9]. Suppose that Xi = Z [9] \ {i } for i ∈ Z [8]
and X9 = {2, 3, 5, 6, 7, 8}. It is easy to check that one of the
possible generator matrices of the above setting is given as
⎛
⎞
0 0 0 0 0 1
⎜ 0 0 0 0 1 0⎟
⎜
⎟
⎜ 1 0 0 1 0 0⎟
⎜
⎟
⎜ 0 0 1 0 0 0⎟
⎜
⎟
⎟
G=⎜
⎜ 1 1 0 0 0 0⎟ .
⎜ 0 1 1 1 0 0⎟
⎜
⎟
⎜ 0 0 1 1 1 0⎟
⎜
⎟
⎝ 0 0 0 1 1 1⎠
1 1 0 1 0 1
For the message vector x = (1, 1, 1, 1, 0, 0, 0, 0, 1),
we have the received codeword y = xG = (0, 1, 1, 0, 1, 0)
in the error-free channel. In this case, we focus on the
decoding procedure of the receiver R9 . We assume that x̂X9 =
(1, 1, 0, 0, 0, 1). That is, the receiver R9 has erroneous side
information x̂ 8 .
The decoding procedure is described as follows:
1) We compute y − x̂X9 G X9 = (1, 1, 1, 0, 1, 1).
2) Then, we can make H (9) from G {9}∪Y9 as
⎛
⎞
1 1 0 0 0 0
H (9) = ⎝0 1 0 1 0 0⎠.
0 0 0 0 1 0
(9)

3) Also, we can make He
⎛
1
⎜1
(9)
He = ⎜
⎝0
0

as

0
1
1
0

0
0
0
0

due to the property of the generator matrix. Specifically, from


si = H (i) (x̃δs G Xi ) = H (i) pi

we have H (i) (x̃δs G Xi − pi ) = 0. Thus, x̃δs G Xi − pi =
aG f (i) − bG Yi and
aG f (i) − bG Yi − x̃δs G Xi + pi = 0

(4)

0
0
0
1

⎞
0
0⎟
⎟.
0⎠
0

4) Compute the syndrome as

⎛ ⎞
0
s9 = H (9)(y − x̂X9 G X9 ) = ⎝1⎠ .
1


pi = x̃δs G Xi + k

0
0
1
0

5) Find a solution p9 for H (9)p9 = s9 under the decoding
condition.
=
(0, 0, 0, 1, 1, 1) and
Then, we have p9
(0, 0, 1, 1, 1, 0). In fact, we need just one of two
solutions. Choosing the first solution for p9 means
that the receiver R9 decides x̂ 8 as the erroneous side
information while choosing the second solution means
that x̂ 7 is decided as the erroneous side information.
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Fig. 2. A side information graph G in Example 4 for description of a δs -cycle.

6) If x̂ 8 is chosen as the erroneous side information,
then (3) in Algorithm 1 becomes
y − x̂X9 G X9 − (0, 0, 0, 1, 1, 1) = (1, 1, 1, 1, 0, 0).
(1, 1, 1, 1, 0, 0) = x 9 G 9 + (xYi − b)G Y9 .
(9)

Multiplying He
on both sides leads to (1, 0, 0, 0) =
x 9 (1, 0, 0, 0). Thus, x 9 = 1, which is the correct value.
7) If x̂ 7 is chosen as the erroneous side information,
then (3) in Algorithm 1 becomes
y − x̂X9 G X9 − (0, 0, 1, 1, 1, 0) = (1, 1, 0, 1, 0, 1).
(1, 1, 0, 1, 0, 1) = x 9 G 9 + (xYi − b)G Y9 .


Multiplying He(9) on both sides leads to (1, 0, 0, 0) =
x 9 (1, 0, 0, 0). Thus, x 9 = 1, which is also the correct
value.
IV. P ROPERTIES AND B OUNDS FOR
C ODELENGTH OF (δs , G)-ICSIE
In this section, we introduce a new type of graphs, called
a δs -cycle for encoding of the index codes and derive some
bounds for the optimal codelength of the (δs , G)-ICSIE.
A. δs -Cycle
First, we define a δs -cycle in G and generalize the generalized independent set and the generalized independence number
of G in [9]. Let  be the set of subsets of Z [n] defined by

 = {B ⊆ Z [n]|Xi ∩B| ≥ 2δs+1 for all i ∈ Z [m] s.t. f (i ) ∈ B}
for a side information graph G of the (δs , δc , G)-GECIC.
Definition 4: A subgraph G of G is called a δs -cycle if the
set of packet node indices of G is an element of  (say B)
and the set of user node indices of G consists of i ∈ Z [m]
such that f (i ) ∈ B and its edges consist of the corresponding
edges in G. The graph G is said to be δs -acyclic if there is no
δs -cycle in G.
There is an example for a δs -cycle in G as follows.
Example 4: Let δs = 1 and a side information graph G is
given in Fig. 2. Then, a subgraph G which consists of users
1 to 4, packets 1 to 4, and corresponding solid edges is a
δs -cycle because B = {1, 2, 3, 4} ∈ . However, G is not a
δs -cycle because R6 only has x 5 as side information so that

|X6 ∩ {1, 2, 3, 4, 5}| = 1 < 3. Although |X5 ∩ {1, 2, 3, 4, 5}| =
3, G cannot be a δs -cycle because of R6 .
Definition 5: A set of packet node indices of a δs -cycle is
called a δs -cycle induced set. Two δs -cycles are said to be
disjoint if their δs -cycle induced sets are disjoint.
Definition 6 (Generalization of [9, Definition 4.1]): A subset Q of Z [n] is called a δs -generalized independent set in G
if every nonempty subset K of Q belongs to J (G, δs ).
Definition 7 (Generalization of [9, Definition 4.2): Let
γ (G) be the largest size of a δs -generalized independent set
in G, which is called the δs -generalized independence number.
In the following lemma, we will show the relationship
between a δs -generalized independent set and a δs -acyclic
graph G.
Lemma 3: Let Z [n] be a set of the packet node indices in G.
Then, Z [n] is a δs -generalized independent set if and only if
the side information graph G is δs -acyclic.
Proof:
Necessity: Let G be a subgraph of G, where packet nodes
of G is a subset of packet nodes of G and the sets of user
nodes and edges of G are determined by G. Suppose that G
is δs -cyclic. Then, we can make a subgraph G such that each
receiver has side information symbols whose number is larger
than or equal to 2δs + 1. Let Q ⊆ Z [n] be the set of packet
/ J (G , δs ) and Q is not also
node indices of G . Then, Q ∈
included in J (G, δs ). It contradicts the assumption and thus G
is δs -acyclic.
Sufficiency: If G is δs -acyclic, every subgraph G is also
δs -acyclic. That is, every nonempty subset Q ⊆ Z [n] belongs
to J (G, δs ) because there exists at least one receiver, whose
number of side information symbols is less than or equal to
2δs . Specifically, there is at least one receiver Ri in G whose
number of side information symbols is less than or equal to
2δs because G is δs -acyclic. Thus, Z [n] belongs to J (G, δs ).
In fact, any subset of Z [n] containing f (i ) belongs to J (G, δs ).
Now, consider the subgraph G of G obtained by removing
the packet node f (i ). Since G is also δs -acyclic, there also
exists at least one receiver R j in G whose number of side
information symbols is less than or equal to 2δs . It means
that any subset of Z [n] \ { f (i )} containing f ( j ) belongs to
J (G, δs ). Through the similar ways, we can note that Z [n] is
a δs -generalized independent set.
The important theorem for a δs -cycle is given as follows.
q
Theorem 4:  = φ if and only if Nopt (δs , G) = n for the
(δs , G)-ICSIE.
Proof:
Necessity: From Lemma 3, there is an equivalence between
a δs -generalized independent set and a δs -acyclic graph. If the
set of packet node indices of G, Z [n], is the δs -generalized
independent set, I(q, G, δs ) is the set of all vectors in Fnq
except for the all zero vector. Thus, if  = φ, Z [n] is the
δs -generalized independent set. Thus, all rows of a generator
matrix of the (δs , G)-ICSIE should be linearly independent
q
from Theorem 1. Then, we have Nopt (δs , G) = n.
Sufficiency: Suppose that  = φ. Then, we prove that the
codelength can be reduced by at least one. We choose one
δs -cycle G in G and let |B| be the number of packet nodes
|B|
in G . Let x ∈ Fnq consist of two parts as x ∈ Fq related
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n−|B|

with G and the remaining packets x ∈ Fq
. If we encode
|B|
x ∈ Fq as (x 1 + x 2 , x 2 + x 3 , . . . , x |B|−1 + x |B| ) whose length
is |B| − 1 and send x in the uncoded form, it satisfies the
property of the generator matrix in Theorem 1 as follows.
The generator matrix G of this code except the uncoded
part is given as
⎞
⎛
1
⎟
⎜1 1
⎟
⎜
⎟
⎜ 1 1
⎟
⎜
⎟
⎜
1
G =⎜
⎟.
⎟
⎜
.
.
⎟
⎜
.
⎟
⎜
⎝
1⎠
1
We can easily find that any |B| − 1 rows of G are linearly
independent and |B| rows of G are linearly dependent.
Thus, if there is no vector whose Hamming weight is |B|
in I(q, G , δs ), G satisfies the property of the generator
matrix. Since |Xi | ≥ 2δs + 1 for every user i in G and
|B| ≥ 2δs + 2, there is no vector whose Hamming weight
is |B| in I(q, G , δs ). Since there is the generator matrix G
q
whose codelength is |B| − 1, Nopt (δs , G) = n. It contradicts
the assumption and thus  = φ.
Remark 7: From Theorem 4, we can conclude that a
δs -cycle is very crucial for index coding with erroneous
side information because the existence of a δs -cycle is a
necessary and sufficient condition for a possibility to reduce
the codelength of the (δs , G)-ICSIE.
Next, we compare the δs -cycle of the ICSIE with the cycle
of the conventional index code in the following remark, where
we can find similarities between the δs -cycle and the cycle.
Remark 8: The δs -cycle of the ICSIE has very similar
properties as those of cycles in the conventional index coding
problem with respect to the index codelength.
The cycle properties of the conventional index coding
problem in [13] are given as:
q
1) ([13, Th. 1]) If G is acyclic, Nopt (0, G) = n.
2) ([13, Lemma 2]) If a packet node has one outgoing
edge, we say that the packet node is a unicast packet
node. That is, there is only one user who wants this
packet. We can reduce the codelength by the number
of disjoint cycles which only consist of unicast packet
nodes.
3) ([13, Lemma 3]) If all distinct cycles of G are
edge-disjoint and involve only unicast packets, then
q
Nopt (0, G) = n − C(G), where C(G) is defined as the
largest number of edge-disjoint cycles in G that involve
only unicast packets.
We compare properties of the δs -cycle in the ICSIE with
those of the cycle in the conventional index coding problem [13]. If δs = 0, there is at least one cycle in a 0-cycle
because every receiver node has at least one outgoing edge.
Then, from Theorem 4, the corresponding properties of the
δs -cycle of the (δs , G)-ICSIE are given as follows:
q
1) G is δs -acyclic if and only if Nopt (δs , G) = n.
2) Let β be the maximum number of vertex disjoint
δs -cycles in G. Then, the optimal codelength can be
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reduced by the number of disjoint δs -cycles, that is,
q
Nopt (δs , G) ≤ n − β. This is given in the proof of the
sufficiency of Theorem 4.
3) The last property is given in the corollary below.
Note that the cycle property 1) of the conventional index
coding is the sufficient condition but the corresponding property of the ICSIE is the necessary and sufficient condition.
Corollary 1: Suppose that there is no δs -cycle in a subgraph G constructed by removing one packet node from
each of β δs -cycles and the corresponding edges. Then,
q
Nopt (δs , G) = n − β.
Proof: It is trivial that n − β can be an upper bound
q
for Nopt (δs , G) from the above property 2) and Theorem 4.
Thus, it is enough to show that n − β can be a lower bound.
If we remove one packet node and the corresponding edges
from each δs -cycle, the optimal codelength for the resulting
q
graph is given as Nopt (δs , G ) = n −β because G is δs -acyclic.
Also, an index code for G satisfies the property of the generator
matrix for G if we just substitute values of the removed packet
q
q
nodes with 0. Thus, we can say Nopt (δs , G ) ≤ Nopt (δs , G).
q
That is, n − β = Nopt (δs , G).
An example for the previous corollary is provided as
follows.
Example 5: Let q = 2, m = 9, n = 8, and δs = 1. A side
information graph G is shown in Fig. 3(a), where the maximum
number of disjoint δs -cycles is 2. We denote two δs -cycle
induced sets as B1 and B2 , that is, B1 = {1, 2, 3, 4} and
B2 = {5, 6, 7, 8}. The edges for B1 and B2 are represented by
solid and dotted lines, respectively. If we remove the packet
nodes 1 and 5 and the corresponding edges from two δs -cycles,
there is no δs -cycle in the resulting side information graph as
shown in Fig. 3(b). Then, the optimal codelength is 6 from
Corollary 1.
Remark 9: When |Xi | = 2δs + 1 for all i ∈ Z [m], we have
another example for Corollary 1.
B. Clique
In this section, we consider side information graphs, where
each receiver knows all information except the wanted packet,
that is, Xi = Z [n]\{ f (i )} for all i ∈ Z [m]. Since each receiver
wants one symbol, we can consider these side information
graphs as cliques. In the conventional index coding problem,
the number of disjoint cliques is used as an upper bound of the
optimal codelength and there are many heuristic algorithms to
find the codelength based on the number of disjoint cliques.
Therefore, we discuss cliques in the (δs , G)-ICSIE problem.
It is clear that cliques in index coding with erroneous side
information are different from those of the conventional index
coding, where cliques can be covered by one transmission for
any fields.
A set of vectors is said to be (2δs + 1)-linearly independent
if any 2δs +1 vectors in the vector set are linearly independent.
Since all vectors whose Hamming weight is less than or equal
to 2δs + 1 belong to I(q, G, δs ) when G is a clique, we have
the following observation.
Observation 1: In the (δs , G)-ICSIE problem, finding the
optimal codelength for cliques is equivalent to finding the
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Fig. 3.
The side information graphs of Example 5: (a) The side information graph G. (b) The side information graph G after removing packet
nodes 1 and 5.

minimum dimension of the set of n vectors which is (2δs +1)linearly independent.
q
In general, Nopt (δs , G) goes to 2δs +1 as the size of the finite
field goes to infinity. If the size of a clique is less than or equal
q
to 2δs + 1, it is easy to check that Nopt (δs , G) = n. Thus,
we consider the clique of size n > 2δs + 1.
Theorem 5: There are some special cases of cliques for the
(δs , G)-ICSIE whose optimal codelength can be found as:
q
1) When n = 2δs + 2, Nopt (δs , G) = 2δs + 1 over Fq .
q
2) When δs = 1, Nopt (δs , G) is the minimum value of N
satisfying 2 N−1 ≥ n over F2 .
3) If there are N and n satisfying N ≤ q+1
q (2δs + 1) − 1
q
and n ≤ N + 1 over Fq , Nopt (δs , G) is the minimum
value of N.
q
4) When n = 3δs + 3, Nopt (δs , G) = 3δs + 1 over F2 .
Proof:
1) It is directly proved from Corollary 1 because |Xi | =
2δs + 1 for all i ∈ Z [m].
2) Let I ndq (N, k) be the maximal cardinality of the
k-linearly independent subset of FqN . We have
I nd2 (N, 3) = 2 N−1 from [14], where N ≥ 3. Thus,
we can think N as a codelength and k = 2δs + 1.
To achieve the codelength N, the number of messages
should be less than or equal to I ndq (N, k).
3) From [15, Th. 2], for 2 ≤ k ≤ N, we have I ndq (N, k) =
q
N + 1 if and only if q+1
(N + 1) ≤ k.
4) From [14], we have I nd2 (N, N − m) = N + 2, where
N = 3m+i, i = 0, 1, and m ≥ 2. Since N −m = 2δs +1,
we have i = 1 and m = δs . Then, for N = 3δs + 1 and
δs ≥ 2, we have I nd2 (N, 2δs + 1) = N + 2. If δs = 1,
q
Nopt (δs , G) = 3δs + 1 by 2) when n = 3δs + 3.
Remark 10: Construction of a generator matrix of each case
in Theorem 5 is also well defined. Specifically, we can simply
attain a generator matrix of case 1) as in proof of Theorem 4

Fig. 4. Comparison between the classical error correcting code and the
(δs , G)-ICSIE.

and a matrix whose rows consist of any vectors having odd
weight in F2N can be a generator matrix in the above case 2).
We can find a generator matrix of case 3), which consists of
N-tuple unit vectors and the all one vector. A generator matrix
of case 4) consists of N-tuple unit vectors and two vectors
(1, ..., 1, 0, ..., 0) and (0, ..., 0, 1, ..., 1), where the number of
1 in the two vectors is 2δs + 1. For all cases, we just select
n vectors among them as rows of a generator matrix.
Next, we show how to construct a generator matrix of the
(δs , G)-ICSIE from a parity check matrix H of an (n, k, dmin )
classical error correcting code in the following proposition.
Proposition 1: Let G be the clique of size n and H̄ be the
matrix having the smallest n − k among H of (n, k, dmin )
classical error correcting codes with dmin ≥ 2δs + 2. Then,
H̄  becomes the optimal generator matrix of the (δs , G)ICSIE.
Proof: In the (δs , G)-ICSIE problem, where a side information graph G is the clique of size n, it is clear that
any 2δs + 1 row vectors of a generator matrix are linearly
independent by Observation 1. That is, xG = 0 for any x
such that wt(x) ≤ 2δs + 1. Then, we can easily check that
an n × (n − k) matrix H  can be a generator matrix of a
(δs , G)-ICSIE if dmin ≥ 2δs +2 as shown in Fig. 4. Thus, when
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a side information graph G is the clique of size n, the optimal
codelength of the (δs , G)-ICSIE is the minimum value of n −k
for an (n, k, dmin ) classical error correcting code satisfying
dmin ≥ 2δs + 2.
Remark 11: One of examples is the Reed-Solomon code
when n divides q − 1. In this case, the optimal codelength of
the (δs , G)-ICSIE is n − k = dmin − 1 = 2δs + 1.
Remark 12: Even if G is not a clique, we can regard the
parity check matrix of the classical error correcting code as the
transpose of the generator matrix of the (δs , G)-ICSIE when
dmin of the error correcting code is larger than the maximum
weight of vectors in I(q, G, δs ).
C. Lower Bounds for the Optimal Codelength
It is not difficult to check the following corollary and
observations for the (δs , G)-ICSIE.
Corollary 2: Let S = { j ∈ Z [n]|∃i ∈ Z [m] s.t. f (i ) =
q
j and |Xi | ≤ 2δs }. Then, we have Nopt (δs , G) ≥ |S| + 1 for
n > |S|.
Proof: It is clear that Ii (q, G, δs ) = {z ∈ Fnq : z f (i) =
0}, that is, G f (i) does not belong to span({G j } j ∈Z [n]\ f (i) ) for
f (i ) ∈ S. Thus, the corollary is obvious.
Remark 13: Thus, having less than or equal to 2δs side
information symbols is the same as not having side information in index coding with erroneous side information.
Observation 2: For the given (δs , G)-ICSIE problem, let
G be an edge-induced subgraph obtained by deleting some
q
outgoing edges of user nodes of G. Then, Nopt (δs , G) ≤
q
Nopt (δs , G ).
q
q
Observation 3: If δs ≤ δs , Nopt (δs , G) ≤ Nopt (δs , G).
Now, the relationship of the optimal codelength between the
conventional index code and the proposed ICSIE is given in
the following theorem.
Theorem 6: Suppose that the (0, Ḡ)-IC problem is constructed by deleting any min(2δs , |Xi |) outgoing edges from
each receiver Ri in the (δs , G)-ICSIE problem. That is, each
receiver of Ḡ has max(0, |Xi | − 2δs ) side information symbols
and then it becomes the conventional index coding problem.
q
q
Then, Nopt (0, Ḡ) ≤ Nopt (δs , G).
Proof: From Lemma 2, a generator matrix of the (δs , G)ICSIE problem can be a generator matrix of the (0, Ḡ)-IC
problem because I(q, Ḡ, 0) ⊆ I(q, G, δs ). Specifically, for a
vector z ∈ Ii (q, Ḡ, 0), wt(zXi ) ≤ 2δs since wt(zX ) should
i
be zero, where Xi is a set of side information indices of Ri
for Ḡ. Thus, Ii (q, Ḡ, 0) ⊆ Ii (q, G, δs ). Since it is true for all
i ∈ Z [m], I(q, Ḡ, 0) ⊆ I(q, G, δs ).
Remark 14: In general, if we reduce δs , we can have a
lower bound from Observation 3. Similarly, if we delete
outgoing edges of user nodes, we can have an upper bound
from Observation 2. However, if we reduce δs to 0 and delete
min(2δs , |Xi |) outgoing edges of each receiver Ri , we can
have a lower bound as in Theorem 6. Thus, the worst case of
the resulting (0, Ḡ)-IC problems can be a lower bound for the
corresponding (δs , G)-ICSIE problem.
Example 6: Let q = 2, n = m = 4, δs = 1, f (i ) = i , and
q
G as shown in Fig. 5(a). Then, we have Nopt (1, G) = 4. If we
delete two outgoing edges from each receiver, there is a side
information graph Ḡ as shown in Fig. 5(b). In the conventional
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Fig. 5. The bipartite side information graphs of Example 6: (a) The bipartite
side information graph G. (b) The bipartite side information graph Ḡ.
q

index coding problem, Nopt (0, Ḡ) = n if a side information
graph Ḡ is acyclic [13]. Since the graph in Fig. 5(b) is acyclic,
q
q
Nopt (0, Ḡ) = 4. From Theorem 6, Nopt (1, G) = 4 because
q
q
4 = Nopt (0, Ḡ) ≤ Nopt (1, G) ≤ 4 = n.
Example 7: Let q = 2, n = m = 4, δs = 1, f (i ) = i , and
Xi = Z [4] \ {i } for all i ∈ Z [4] as in Example 1. If we delete
two outgoing edges from each receiver, the corresponding
graph has at least one cycle because each receiver has one
outgoing edge. In this case, we can reduce the codelength
by at least one because all cycles in the graph consist of
unicast packets [13]. Then, the worst case of the corresponding
q
q
graph Ḡ has Nopt (0, Ḡ) = 3. Thus, 3 ≤ Nopt (1, G) ≤ 4. In fact,
q
we have 3 ≤ Nopt (1, G) = 3 because there is a generator
matrix of the (δs , G)-ICSIE given by
⎛
⎞
1 0 0
⎜0 1 0⎟
⎟
G=⎜
⎝0 0 1⎠ .
1 1 1
It is easy to derive the following lower bound for the optimal
codelength.
q
Theorem 7: Nopt (δs , G) ≥ γ (G).
Proof: From the definition of γ (G), the corresponding
γ (G) rows of a generator matrix of the (δs , G)-ICSIE should
be linearly independent.
V. G ENERALIZED E RROR C ORRECTING I NDEX C ODES
We can generalize many properties of the ECIC in [9]
by considering the side information errors. That is, we can
describe the properties of the (δs , δc , G)-GECIC similar to
those of the (δc , G)-ECIC in [9] by using the properties of the
(δs , G)-ICSIE. Some notations of the ECIC in [9] are changed
for consistency within paper.
Proposition 2: Properties of the (δc , G)-ECIC in [9] can be
generalized to those of the (δs , δc , G)-GECIC as:
1) Generalization of [9, Lemma 3.8];
Theorem 1
2) Generalization of [9, Proposition 4.6];
q
q
Nopt (δs , δc , G) ≤ lq [Nopt (δs , G), 2δc + 1], where lq [a, b]
denotes the minimum codelength for the dimension a
and dmin = b.
3) Generalization of [9, Th. 5.1];
q
q
Nopt (δs , δc , G) ≥ Nopt (δs , G) + 2δc .
4) Generalization of the property of γ (G) in [9];
Assume that m = n and f (i ) = i for all i ∈ Z [n] so
that the side information graph G can be represented as
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the unipartite form. Then, γ (G) = δs -MAIS(G), where
δs -MAIS(G) denotes the maximum size of a δs -acyclic
induced subgraph of G.
5) Generalization of [9, Th. 4.3];
q
Nopt (δs , δc , G) ≥ lq [γ (G), 2δc + 1].
Proof: From Lemma 2, all generalization except 4)
can be easily proved by the same methods as in [9] if we
replace the conventional index code with the (δs , G)-ICSIE.
In the case of 4), we already prove an equivalence between
a δs -generalized independent set and a δs -acyclic graph in
Lemma 3.
Remark 15: By 4) of Proposition 2, we can think that a
δs -cycle corresponds to a cycle in the conventional index
coding.
Now, we introduce some properties of the
(δs , δc , G)-GECIC.
Theorem 8: Suppose that the (δc , Ḡ)-ECIC problem is constructed by deleting any min(2δs , |Xi |) outgoing edges from
each receiver Ri in the (δs , δc , G)-GECIC problem. That is,
each receiver of Ḡ has max(0, |Xi | − 2δs ) side information
symbols and then it becomes the conventional error correcting
q
q
index coding problem. Then, Nopt (δc , Ḡ) ≤ Nopt (δs , δc , G).
Proof: The proof is similar to that of Theorem 6 and thus
we omit it.
Theorem 9: Let Ĝ be an edge-induced subgraph of G, which
is obtained by deleting all outgoing edges of all users in G,
that is, none of the receivers have any side information in Ĝ.
q
q
Then, Nopt (δs , δc , G) = Nopt (δs , δc , Ĝ) if  = φ.
Proof: If  = φ, Z [n] is a δs -generalized independent
q
set. Then, I(q, G, δs ) = I(q, Ĝ, δs ) and thus Nopt (δs , δc , G) =
q
Nopt (δs , δc , Ĝ).
In Section III-B, the decoding procedure of the (δs , G)ICSIE was introduced in Algorithm 1 and the decoding procedure of the (δs , δc , G)-GECIC can also be derived similarly.
Since the decoding procedure of the (δs , δc , G)-GECIC is
similar to Algorithm 1, we just enumerate some differences
as follows.

Fig. 6.
Relationship of several index coding problems for the optimal
codelength.

as
si = H (i) (y − x̂Xi G Xi) = H (i) (x̃δs G Xi + ) = H (i)(pi + ˆ )
H (i) (x̃δs G Xi +  − pi − ˆ ) = 0

x̃δs G Xi +  − pi − ˆ = aG f (i) − bG Yi .
Then, by Theorem 1, a = 0 and we have
−pi − ˆ = −x̃δs G Xi −  − bG Yi .
Since y = x f (i) G f (i) + xXi G Xi + xYi G Yi + , we have (5).
In Fig. 6, we show the relationship between the proposed
index codes and several index coding problems, specifically
in terms of the optimal codelength.
VI. C ONCLUSIONS

ỹ = y − x̂Xi G Xi −pi − ˆ = x f (i) G f (i) + (xYi − b)G Yi .
(5)

We generalized the index coding problem, where there
is a possibility to have erroneous side information in each
receiver. The property of the generator matrix and the decoding
procedure of the proposed index codes with erroneous side
information were suggested, which are based on the idea of
Hamming spheres and the syndrome decoding, respectively.
We also suggested some bounds for the optimal codelength
of the (δs , G)-ICSIE and showed the relationship between the
conventional index coding and index coding with erroneous
side information. In addition, we found a δs -cycle of the
GECIC, which has similar properties as those of a cycle in
the conventional index coding. It was also found that the
existence of a δs -cycle is crucial in the proposed index coding
problem. The proposed ICSIE was also analyzed when a side
information graph G is a clique. Through this, it was found
that the generator matrix for the (δs , G)-ICSIE corresponds
to the transpose of the parity check matrix of the classical
error correcting code when the related parameters are properly
chosen.
Finally, it was shown that the existing bounds and properties for the (δc , G)-ECIC can be generalized to those
of the (δs , δc , G)-GECIC by using the properties of the
(δs , G)-ICSIE. That is, we can easily derive bounds for the
optimal codelength of the (δs , δc , G)-GECIC, which is the
index code in the more generalized scenario.

It is enough to show validity of (5) in order to prove
successful decoding of each receiver. We can see the following
equations in the decoding procedure of the (δs , δc , G)-GECIC

The authors are so grateful to the anonymous reviewers for
their valuable comments.

1) Each receiver receives a codeword y = y + , where
 is the error with wt() ≤ δc .
2) The input of the decoding procedure y is changed to y .
(i)
3) He is a matrix whose rows form a basis of the dual of
span({G j } j ∈Yi ) and do not form a basis of the dual of
span(G f (i) ).
4) Equation (2) in Algorithm 1 is changed to si = H (i) (y −
x̂Xi G Xi ).
5) Step 2) in Algorithm 1: Find a solution having syndrome
si in the set {pi + ˆ |pi is a linear combination of at most
δs rows of G Xi and wt(ˆ ) ≤ δc }.
6) Equation (3) in Algorithm 1 is changed to
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